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QUIVER VARIETIES AND ELLIPTIC QUANTUM GROUPS
YAPING YANG AND GUFANG ZHAO
Abstract. We define a sheafified elliptic quantum group for any symmetric Kac-Moody Lie algebra. This
definition is naturally obtained from the elliptic cohomological Hall algebra of a preprojective algebra. The
sheafified elliptic quantum group is an algebra object in a certain monoidal category of coherent sheaves on the
colored Hilbert scheme of an elliptic curve.
We show that the elliptic quantum group acts on the equivariant elliptic cohomology of Nakajima quiver
varieties. This action is compatible with the action induced by Hecke correspondence, a construction similar to
that of Nakajima. The elliptic Drinfeld currents are obtained as generating series of certain rational sections of
the sheafified elliptic quantum group. We show that the Drinfeld currents satisfy the commutation relations of
the dynamical elliptic quantum group studied by Felder and Gautam-Toledano Laredo.
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0. Introduction
In [F94, F95], Felder constructed the elliptic R-matrix, which is an elliptic solution to the dynamical
Yang-Baxter equations. This R-matrix is related to moduli of bundles on an elliptic curve, WZW conformal
field theory on a torus, and the elliptic integrable systems. Representation of elliptic quantum group is an
interesting subject which recently gained more attentions. Gautam-Toledano Laredo [GTL17] defined the
category of finite dimensional representations of the elliptic quantum groups and studied this category us-
ing q-difference equations, while in the sl2-case the representations have been studied by Felder-Varchenko
[FV96]. Aganagic-Okounkov [AO16] constructed an action of certain elliptic R-matrix on elliptic cohomol-
ogy of quiver varieties using stable envelope construction in the elliptic setting, and more concretely using
Felder’s R-matrix in [FRV17] in type-A.
However, in studying representations of the elliptic quantum group, an algebra containing the currents
on the elliptic curve, referred to as the Drinfeld realization of the elliptic quantum group, is needed. So
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far there has been no intrinsic definition of an elliptic quantum group, whose currents have the desired
convergence property, nor a construction of the action of any form of the Drinfeld realization on the equi-
variant elliptic cohomology of quiver varieties. Various results towards this direction have been achieved
in [ES98, AO16, Konn16, GTL17]. A more detailed, but still far from being complete discussion of the
historical developments of elliptic quantum group is summarized in § 0.6. Therefore, in the present paper,
we introduce and initiate the study of a sheafified elliptic quantum group and achieve the aforementioned
goals.
In the first part of the present paper, we give the definition of the sheafified elliptic quantum group for
any symmetric Kac-Moody Lie algebra g, as an algebra object in a certain monoidal category of coherent
sheaves on colored Hilbert scheme of an elliptic curve. The space of meromorphic sections of this sheafified
elliptic quantum group is an associative algebra. We find explicit generating series in this algebra, referred
to as the Drinfeld currents, which deform the classical elliptic currents in the Manin pair of Drinfeld [Dr89].
We also compute explicitly the commutation relations of the Drinfeld currents. These relations are also
found in [GTL17] by Gautam-Toledano Laredo via an entirely different approach.
The main tool we use in constructing the sheafified elliptic quantum group is the preprojective cohomo-
logical Hall algebra, developed by the authors in [YZ14, YZ16], inspired by earlier work of Kontsevich-
Soibelman [KoSo11] and Schiffmann-Vasserot [SV12]. This construction will give, for any quiver Q and
any 1-dimensional affine algebraic group G (or formal group), a quantum affine algebra associated to the
Kac-Moody Lie algebra of Q. In the present paper, we extend this construction to the case when G is an
elliptic curve. In this special case, there naturally appears a non-standard monoidal structure on the category
of coherent sheaves on the colored Hilbert scheme of G. The classical limit of this monoidal structure also
shows up in the study of the global semi-infinite loop Grassmannian over G.
In the second part of this paper, we provide a geometric interpretation of the sheafified elliptic quantum
group, as the equivariant elliptic cohomology of the moduli of representations of the preprojective algebra
of Q, where Q is the Dynkin quiver of g. The equivariant elliptic cohomology theory we use was introduced
by Grojnowski [Gr94a] and Ginzburg-Kapranov-Vasserot [GKV95], and was investigated by many others
later on, including [An00, An03, Ch10, Ge06, GH04, Ga12, Lur09]. It had been an open question since
the construction of Nakajima [Nak01] and Varagnolo [Var00], that a Drinfeld realization of the elliptic
quantum group should act on the equivariant elliptic cohomology of quiver varieties. In the present paper,
we deduce this from the geometric interpretation of the sheafified elliptic quantum group. This also provides
a geometric construction of highest weight representations of the elliptic quantum group.
0.1. The colored Hilbert scheme. One of the unexpected features in the study of elliptic quantum groups
via the present approach is the occurrence of a non-standard monoidal structure on the category of coher-
ent sheaves on colored Hilbert scheme. Although also present in the rational and trigonometric case, this
monoidal structure is not visible in those cases due to the lack of non-trivial line bundles. The classical limit
of this moniodal structure already shows up implicitly in the study of semi-infinite loop Grassmannian and
locality structures in [Mir15].
Let I be the set of simple roots of g, and v = (vi)i∈I ∈ N
I . Let E be an elliptic curve. Recall that the
Hilbert scheme of I-colored points on E is
HE×I =
∐
v∈NI
E(v), where E(v) :=
∏
i∈I
Ev
i
/Svi .
One can think an element of E(v) as
∑
i∈I v
i points on E, where vi points have color i ∈ I. Let C be the
abelian category of quasi-coherent sheaves onHE×I . An object of C consists of tuples (Fv)v∈NI , each Fv is a
quasi-coherent sheaf on E(v). A morphism of C is naturally defined as a morphism of sheaves Fv → Gv on
E(v), for each v ∈ NI .
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We introduce a two-parameter family of monoidal structures on C, with the two deformation parameters
(t1, t2) ∈ E
2. For two objects F = {Fv}v∈NI ,G = {Gv}v∈NI in C, the tensor F ⊗t1 ,t2 G is defined as
(1) (F ⊗t1 ,t2 G)v :=
⊕
v1+v2=v
(Sv1,v2)∗
(
(Fv1 ⊠ Gv1 ) ⊗ Lv1,v2
)
,
where Sv1,v2 is the symmetrization map Sv1,v2 : E
(v1) × E(v2) → E(v1+v2), and Lv1 ,v2 is some line bundle on
E(v1) × E(v2) depending on the parameters t1, t2 ∈ E
2, described in detail in §2.
Theorem A (Theorems 2.7 and 3.3). The abelian category C, endowed with ⊗t1 ,t2 , is a monoidal category
with two parameters t1, t2. There is a meromorphic braiding γ, making (C,⊗t1,t2 , γ) a symmetric monoidal
category.
0.2. The elliptic cohomological Hall algebra. For any compact Lie group G, let AG be the moduli scheme
of semistable principal Galg-bundles over an elliptic curve whereGalg is the associated split algebraic group.
For a G-variety X, the G-equivariant elliptic cohomology EllG(X) is a quasi-coherent sheaf of OAG-module,
satisfying certain axioms, see [GKV95]. In particular, when v = (vi)i∈I , and G = Uv :=
∏
i∈I Uvi , we have
AUv = E
(v), the colored Hilbert scheme of v-points on E. Without raising confusion, for simplicity we use
the notations AGLv and EllGLv instead of Un.
Let Q be the Dynkin quiver of g, with the set of vertices I and the set of arrows H. Let Q ∪ Qop be the
double quiver (see § 8). The preprojective algebra, denoted by ΠQ, is the quotient of the path algebra
C(Q ∪ Qop) by the ideal generated by the relation [x, xop] = 0. Let Rep(ΠQ, v) be the representation
space of ΠQ with dimension vector v = (v
i)i∈I . It is an affine variety endowed with a natural action of
Gv =
∏
i∈I GLvi . The elliptic cohomological Hall algebra (CoHA), denoted by PEll(Q), is the collection
of sheaves PEll,v := EllGv×C∗(Rep(ΠQ, v)) on E
(v), for v ∈ NI as an object in C. It is endowed with a
multiplication, which is a morphism of sheaves PEll,v1 ⊗t1,t2PEll,v2 → PEll,v1+v2 on E
(v1+v2) for any v1, v2. The
above multiplication, referred to as the Hall multiplication, makes PEll(Q) into an algebra object in C.
We also construct a coproduct ∆ : PEll → (PEll ⊗t1,t2 PEll)loc on a suitable localization of PEll (see § 8).
For each k ∈ I, let ek be the dimension vector valued 1 at vertex k of the quiver Q and zero otherwise.
The spherical subsheaf, denoted by Psph, is the subsheaf of PEll generated by Pek as k varies in I. When
restricting on Psph, the coproduct ∆ is well-defined without taking localization. Therefore, we have the
following.
Theorem B (Corollary 3.6). The object (P
sph
Ell
(Q), ⋆,∆), endowed with the Hall multiplication ⋆, and co-
product ∆, is a bialgebra object in C.
0.3. The relation with loop Grassmannians. When t1 = t2 = 0, the classical limit of the elliptic CoHA is
related to the global loop Grassmannian on the elliptic curve E.
Mirkovic´ recently gave a construction of loop Grassmannians in the framework of local spaces [Mir15].
A notion of locality structure is developed, as a refined version of the factorization structure of Beilinson-
Drinfeld. In particular, line bundles on HE×I with locality structures are in correspondence with quadratic
forms on ZI . When the quadratic form is the adjacency matrix of Q, the locality structure on the correspond-
ing line bundle gives the classical limit of the monoidal structure ⊗t1=t2=0 (see § 4.3 for the details).
Using the results of [Mir15], the adjacency matrix (or equivalently, the quadratic form) gives a loop Grass-
mannian Gr over HE×I , which becomes the Beilinson-Drinfeld Grassmannian when Q is of type A,D, E.
The tautological line bundle OGr(1) is endows with a natural local structure. There is a Zastava space
Z ⊂ Gr, which is a local subspace overHE×I . Taking certain components in a torus-fixed loci of Z gives a
section HE×I ֒→ Z. In particular, the restriction of OGr(1) toHE×I recovers the local line bundle.
Theorem C (Corollary 4.5, Proposition 4.6). (1) The classical limit Psph|t1=t2=0 of the spherical subal-
gebra Psph is the local line bundle OGr(1)|HE×I .
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(2) The algebra structure on Psph|t1=t2=0 is equivalent to the locality structure on OGr(1)|HE×I .
0.4. The elliptic quantum group. Let E be the elliptic curve over M1,2. We can consider E as a family
of complex elliptic curves naturally endowed with the Poincare´ line bundle L. Let PEll(Q) be the elliptic
CoHA associated to this elliptic curve E and an arbitrary quiver Q. For the dimensional vector ek, k ∈ I, Pek
is the same as the Poincare´ line bundle L over E(ek) = E. We consider certain meromorphic sections of L,
namely, meromorphic functions f (z) on C, holomorphic on C\(Z + τZ), such that:
f (z + 1) = f (z), f (z + τ) = e2πiλ f (z).
A basis of these meromorphic sections can be chosen as
{
g
(i)
λ (z) :=
1
i!
∂i
∂zi
(
ϑ(z+λ)
ϑ(z)ϑ(λ)
)}
i∈N
, where ϑ(z) is the Jacobi
theta function in Example 1.1.
We have a functor Γrat of taking certain rational sections from the category C to the category of vector
spaces §6.1. For simplicity, we denote Γrat(P) by P. Let λ = (λk)k∈I ∈ E
I . Consider the following generating
series
X+k (u, λ) :=
∞∑
i=0
g
(i)
λk
(zk)u
i,
of certain meromorphic sections of P
sph
Ell
, let X−
k
(u, λ) be the corresponding series in the opposite algebra
P
coop
Ell
, and Φk(u) a generating series of meromorphic sections of the Cartan subalgebra (see §6.1 for the
details). Therefore, X±
k
(u, λ),Φk(u) are elements in D(P
sph)[[u]], where D(Psph) := Psph ⊗ Psph,coop is the
Drinfeld double of Psph.
Theorem D (Theorem 6.1). The Drinfeld double D(Psph) satisfies relations of the elliptic quantum group.
In other words, the series X±
k
(u, λ), and Φk(u) of D(P
sph) satisfy the commutation relations (EQ1)-(EQ5).
Gautam-Toledano Laredo in [GTL17] defined a category of representations of the elliptic Drinfeld cur-
rents imposing the same commutation relations (EQ1)-(EQ5). The relation between the category of elliptic
Drinfeld currents studied in loc. cit. and category of representations of Felder’s elliptic R-matrices is par-
tially clarified in [Gau], via an explicit calculation of Gaussian decomposition of Felder’s elliptic R-matrix.
Motivated by Theorem D, we define the sheafified elliptic quantum group to be the Drinfeld double of the
elliptic CoHA P
sph
Ell
. The details and technicality in the construction of the Drinfeld double are explained in
§ 9.4. This definition of sheafified elliptic quantum group not only gives a conceptual understanding of the
kind of algebra object the elliptic quantum group is, but also makes various features of this quantum group
more transparent. In particular, we show that the braiding in the category C naturally gives the conjugation
action of the Cartan subalgebra of the elliptic quantum group on its positive part. Moreover, the dynamical
parameters also naturally show up in the reconstruction of the Cartan, as is explained in detail in § 5.3.
0.5. Representations of the elliptic quantum group. Let M(w) be the Nakajima quiver varieties associ-
ated to the quiver Qwith framing w ∈ NI . We show that the equivariant elliptic cohomology Ell∗
Gw×Gm
(M(w))
ofM(w) is a Drinfeld-Yetter module of PEll(Q), for any w ∈ N
I . In particular, the sheafified elliptic quantum
group acts on Ell∗Gw×Gm(M(w)).
More precisely, we introduce a category Dw as the module category of C with highest weight no more
than
∑
i∈I wiωi. The equivariant elliptic cohomology Ell
∗
Gw×Gm
(M(w)) lies inDw. We prove the following.
Theorem E (Proposition 9.5 and Theorem 9.12). (1) For each w ∈ NI, the elliptic cohomology of quiver
varieties EllGw(M(w)) is a module object over the Drinfeld double D(P
sph
Ell
).
(2) The action of D(P
sph
Ell
) on EllGw(M(w)) is compatible with the Hecke relation by Nakajima. In other
words, the action of elements in Pek are given by convolution with certain characteristic classes of
the tautological line bundle on the Hecke correspondence C+
k
⊂ M(v,w) ×M(v + ek,w).
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In § 9.4, the category Mod- f D(P
sph
Ell
) of finite dimensional representations of the elliptic quantum group
is defined. We also introduce the notion of the elliptic Drinfeld polynomials for highest weight modules.
Similar to the algebra object itself, the module category also have an equivalent description involving
dynamical parameters (Theorem 10.5), in which the braiding gives the action of the Cartan subalgebra. This
is a conceptual explanation that the representation category of the elliptic quantum group, as an abelian
category, does not depend on the dynamical parameters.
0.6. A quick literature survey. After the formula of the dynamical elliptic R-matrix has been found by
Felder, study of the elliptic Drinfeld currents and representations have been initiated. In the sl2-case, an
algebra containing the elliptic Drinfeld currents has been found in [ER97]. The relation with Felder’s R-
matrix is in [EF98]. Representation theory of this algebra is studied in [FV96]. Etingof-Schiffmann [ES98,
ES99] also studied representations of the elliptic R-matrices via a dynamical twist procedure of Babelon-
Bernard-Billey [BBB96].
We note that when study representations of the R-matrices, an algebra or an algebra object E(g) can only
be defined through an extrinsic embedding E(g) ֒→ End(
∏
Vi) for some family of vector spaces Vi with∏
Vi possibly infinite dimensional. When doing explicit calculations where a closed formula of R-matrix is
needed, an embedding g ֒→ glN is required for some finite number N. This is less canonical unless g is of
type-A. Hence, a Drinfeld-type realization is more handy is studying representations.
A systematic construction of Drinfeld realizations for more general class of Lie algebras has recently
been achieved by Konno [Konn16] and Jimbo-Konno-Odake-Shiraishi [JKOS99]. The Drinfeld currents of
these algebra are constructed in Farghly-Konno-Oshima [FKO15]. However, these Drinfeld currents coming
from this presentation do not know to have desired convergence properties on representations.
Gautam-Toledano Laredo recently studied representations of the elliptic quantum group in [GTL17],
partially extending the results of [FV96] to other types of Lie algebras, yet via an entirely different approach.
Instead of defining an algebra, they defined a representation of the elliptic quantum group as a vector space
endowed with certain meromorphic operators, which turn out to be the Drinfeld currents defined in the
present paper. In [Gau], it is shown that the commutation relations of these meromorphic operators are
satisfied by the RTT -relation of Felder.
Geometrically, it has been expected that the elliptic quantum group acts on the equivariant elliptic co-
homology of Nakajima quiver varieties. The later has been realized recently by Aganagic-Okounkov as
a representation of the Felder’s elliptic R-matrix, via the elliptic stable envelope construction. This stable
envelope construction is an extension of the construction of Yangian of Maulik-Okounkov. Note that in the
Yangian case the comparison of the stable envelope construction and the Kac-Moody Yangian is intricate
outside of A,D, E types. Therefore, we leave the precise relation between out construction of the elliptic
quantum group and the elliptic stable envelope construction to future investigations.
Another even earlier geometric study of elliptic quantum group was carried out by Feigin-Odesskii
[FO93]. This elliptic quantum group has a lot of geometric applications, including quantization of mod-
uli space of bundles on elliptic curves. It also has a description in terms of a shuffle algebra, which does
have the dynamical parameter. However, it is not clear to us at represent the precise relation between the
Feigin-Odesskii algebra and the one studied in the present paper, where the later naturally acts on elliptic
cohomology of quiver variety, and eventually is related to the Felder’s R-matrix. More precisely, in the
simply-laced type, the shuffle factor occurred in [FO93] resembles the factor in [YZ14, § 2], which is the
CoHA of the path algebra in lieu of the preprojective algebra. Also, the structure similar to the Sklyanin
algebra already shows up in the positive part of the algebra in [FO93], but only occurs in the Cartan part in
the algebra studied in the present paper.
Acknowledgement. During the preparation of this paper, the authors received helps from many people,
an incomplete list includes Sachin Gautam, Marc Levine, Alina Marian, Ivan Mirkovic´, Valerio Toledano
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Laredo, Eric Vasserot, and Changlong Zhong. The authors are grateful to Sachin Gautam for access to
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the authors at the initial stage of their investigation. Part of the work was done when both authors were
visiting Universita¨t Duisburg-Essen, May-August, 2016, and the Max-Planck Institut fu¨r Mathematik in
Bonn, June-July, 2017.
1. Reminder on Theta functions
We start by fixing some notations and terminologies about line bundles on abelian varieties.
1.1. Theta functions. Let E be an elliptic curve over S , for some scheme S of finite type over a field of
characteristic zero. Let 0 : S → E be the zero section. Denote by {0} the image of 0, which is a codimension
one subvariety of E. Let O(−{0}) be the ideal sheaf of {0}, which is a line bundle. Its dual O({0}) has a
natural section, denoted by ϑ. Let i : E → E be the involution sending any point to its additive inverse.
Then i∗O({0})  O({0}), and the natural section ϑ is sent to −ϑ under i. In this sense, we say that ϑ is an odd
function.
Example 1.1. Fix τ ∈ C\R, let H be the upper half plane, i.e. H := {z ∈ C | Im(z) > 0}. When E is a
complex elliptic curve, i.e., C/(Z + τZ), up to normalization, ϑ(z|τ) is the function uniquely characterized
by the following properties:
(1) ϑ(z|τ) is a holomorphic function C × H→ C, such that {z | ϑ(z|τ) = 0} = Z + τZ.
(2) ∂ϑ∂z (0|τ) = 1.
(3) ϑ(z + 1|τ) = −ϑ(z|τ) = ϑ(−z|τ), and ϑ(z + τ|τ) = −e−πiτe−2πizϑ(z|τ).
(4) ϑ(z|τ + 1) = ϑ(z|τ), while ϑ(−z/τ| − 1/τ) = −(1/τ)e(πi/τ)z
2
ϑ(z|τ).
(5) Let q := e2πiτ and η(τ) := q1/24
∏
n≥1(1 − q
n). If we set θ(z|τ) := η(τ)3ϑ(z|τ), then θ(z|τ) satisfies the
differential equation:
∂θ(z,τ)
∂τ =
1
4πi
∂2θ(z,τ)
∂z2
.
1.2. Line bundles on abelian varieties. Let T be a compact torus of rank n, i.e., non-canonically T 
(S 1)n. Let Λ = X∗(T ) = Hom(T,Gm) be the character lattice of T , and X∗(T ) its dual. Denote by AT
the R-scheme that classifies maps from X∗(T ) to E as abelian groups. Hence, when T is connected, AT is
canonically isomorphic to the abelian variety E ⊗ X∗(T ).
For any character ξ ∈ X∗(T ), let χξ : AT → E be the map induced by ξ. The subvariety ker χξ ⊂ AT is
a divisor, whose ideal sheaf O(− ker χξ) is a line bundle on AT . Clearly, we have O(− ker χξ)  χ
∗
ξO(−{0}).
The natural section of O(ker χξ), denoted by ϑ(χξ), is equal to χ
∗
ξϑ.
In terms of coordinates, we fix an isomorphism T  (S 1)n, then AT  E
n. Let ξ1, · · · ξn be a basis of
X
∗(T ). For any ξ =
∑n
i=1 niξi ∈ X
∗(T ), the morphism χξ : AT  E
n → E is given by z = (z1, . . . , zn) 7→∑n
i=1 nizi ∈ E, and we have ϑ(χξ) = ϑ(
∑n
i=1 nizi).
Let Z[X∗(T )] be the group ring of X∗(T ), whose elements are virtual T -characters. It is a standard fact
(see, e.g., [B13, Proposition 2.2]) that the set map χ : X∗(T ) → Pic(AT ), ξ 7→ Lξ := O(− ker χξ) induces
a homomorphism of abelian groups χ : Z[X∗(T )] → Pic(AT ). For any ξ ∈ Z[X
∗(T )], we also denote
O(− ker χ(ξ)) by Lξ. The theta function ϑ(χξ) is a section of L
∨
ξ .
More generally, let Ur be the unitary group of degree r ∈ N. On the symmetric product E
(r) := Er/Sr,
there is a tautological line bundle LUr , whose dual has a natural section ϑ
Ur (see, e.g., [ZZ15, § 1.2]). For
any representation ρ : T → Ur of T , we have a map χρ : AT → E
(r) induced by ρ. Indeed, E(r) is the
moduli scheme of semistable Ur-bundles on E. The map χρ sends a T -bundle V to the associated Ur-bundle
V ×T Ur. Denote Lρ the line bundle χ
∗
ρLUr on AT , whose dual has a natural section χ
∗
ρ(ϑ
Ur ). This section is
denoted by ϑ(χρ). We have the following standard lemma (see, e.g., [GKV95, § 1.8]).
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Lemma 1.2. Let ρi : T → Uri , i = 1, 2, be two representations of T . Let S : E
(r1) × E(r2) → E(r1+r2) be the
symmetrization map. Then the following diagram commutes.
Er1+r2
χρ1×χρ2 //
χρ1⊕ρ2 ))❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
E(r1) × E(r2)
S

E(r1+r2)
Moreover, ϑ(χρ1⊕ρ2 ) = ϑ(χρ1 ) ⊗ ϑ(χρ2 ) as sections of L
∨
ρ1⊕ρ2
 L∨ρ1 ⊗ L
∨
ρ2
.
Remark 1.3. Lemma 1.2 is true for general abelian varieties. For complex abelian varieties, it has another
reformulation. Let h be a complex vector space, and Γ be a lattice in h in the sense of [B13]. Then h/Γ is an
abelian variety. An element γ of Γ acts linearly on h ×C by γ · (z, t) = (z + γ, eγ(z)t), for z ∈ h, t ∈ C, where
eγ is a holomorphic invertible function on h. This formula defines a group action of Γ on h × C if and only
if the functions eγ satisfy the cocycle condition
eγ+δ(z) = eγ(z + δ)eδ(z).
A theta function for the system (eγ)γ∈Γ is a holomorphic function h→ C satisfying
ϑ(z + γ) = eγ(z)ϑ(z), for all γ ∈ Γ, z ∈ h.
Conversely, for any system of multipliers (eγ)γ∈Γ satisfying certain cocycle condition, there is an associated
line bundle L = h ×Γ C, whose space H
0(h/Γ, L) is canonically identified with the space of theta functions
for (eγ)γ∈Γ with the above multipliers.
Let (eγ)γ∈Γ and (e
′
γ)γ∈Γ be two systems of multipliers, defining line bundles L and L
′. The line bundle
L ⊗ L′ has the multiplier (eγe
′
γ)γ∈Γ.
In the present paper, we are interested in the special case when h = C ⊗Z Λ
∨, and Γ = Λ∨ ⊕ τΛ∨. Then,
h/Γ = AT . For ξ = (ξi)
n
i=1
∈ Λ, the line bundle L∨ξ = χ
∗
ξ(O({0})) has multipliers given by
f (z + ei) = − f (z), f (z + τei) = −e
−πiτξie−2πizi f (z).
The group homomorphism in Lemma 1.2 is Z[Λ]→ Pic(AT ), given by e
ξ 7→ L∨ξ .
More generally, let WP ⊆ Sn be a subgroup of Sn. Naturally WP acts on Z[Λ].
Lemma 1.4. If ξ ∈ Z[Λ]WP , then we have Lξ  π
∗(LPξ ), for some line bundle L
P
ξ on AT /WP, where
π : AT → AT /WP is the natural projection.
2. Quantization of a monoidal structure on the colored Hilbert scheme
In this section and §3, E → S is an elliptic curve, where S is a scheme of finite type over a field of
characteristic zero. In what follows, without loss of generality, we may assume S =M1,1 over the base field
and E to be the universal elliptic curve onM1,1. The coordinate of S will be denoted by τ. Unless otherwise
specified, when taking product of elliptic curves we mean fibered product over S .
Let Q = (I,H) be a quiver with the set of vertices I and arrows H. For each arrow h ∈ H, we denote by
in(h) (resp. out(h)) the incoming (resp. outgoing) vertex of h. Let h∗ be the corresponding reversed arrows
in the opposite quiver Qop. Let m : H
∐
Hop → Z be a function, which for each h ∈ H provides two integers
mh and mh∗ . We will consider specializations of (t1, t2) ∈ E
2 which are compatible with the function m in
the following sense.
Assumption 2.1. We consider specializations of t1 and t2 which are compatible with the integers mh,mh∗
for any h ∈ H, in the sense that t
mh
1
t
mh∗
2
is a constant, i.e., does not depend on h ∈ H.
Remark 2.2. Two examples of the integers mh,mh∗ satisfying Assumption 2.1 are the following.
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(1) Let t1 and t2 are independent variables, but mh = mh∗ = 1 for any h ∈ H.
(2) Specialize t1 = t2 = ~/2. For any pair of vertices i and j with arrows h1, . . . , ha from i to j, the pairs
of integers are mhp = a + 2 − 2p and mh∗p = −a + 2p.
For any dimension vector v = (vi)i∈I ∈ N
I of the quiver Q, let E(v) :=
(∏
i∈I
)
S E
(vi), where the product(∏
i∈I
)
S is understood as fibered product over S . An element of E
(v) is
∑
i v
i points on E, where vi points
have color i ∈ I. The disjoint union HE×I :=
∐
v∈NI E
(v) is the Hilbert scheme of I-colored points in E,
relative to S .
Let Gv =
∏
i∈I GLvi be the product of general linear groups. Let Λvi be the character lattice of GLvi , and
Λv :=
⊕
i∈I
Λvi of Gv. The natural coordinate of Λv is denoted by (z
i
r)i∈I,r∈[1,vi]. Let Sv :=
∏
i∈I Svi be
the Weyl group of Gv. For any pair (p, q) of positive integers, let Sh(p, q) be the subset of Sp+q consisting
of (p, q)-shuffles (permutations of {1, · · · , p + q} that preserve the relative order of {1, · · · , p} and {p +
1, · · · , p + q}). For any dimension vector v ∈ NI , with v = v1 + v2, we denote Sh(v1, v2) ⊂ Sv to be the
product
∏
i∈I Sh(v
i
1
, vi
2
).
2.1. Two special line bundles. ConsiderHE×I ×S E
2 as a scheme over E2. Now we describe some special
line bundles on (HE×I ×S E
2) ×E2 (HE×I ×S E
2). We introduce some notations. For any dimension vector
v ∈ NI , a partition of v is a pair of collections A = (Ai)i∈I and B = (B
i)i∈I , where A
i, Bi ⊂ [1, vi] for any i ∈ I,
satisfying the following conditions: Ai∩Bi = ∅, and Ai∪Bi = [1, vi]. We use the notation (A, B) ⊢ v to mean
(A, B) is a partition of v.
We also write |A| = v if |Ai| = vi for each i ∈ I. For any two dimension vectors v1, v2 ∈ N
I such that
v1 + v2 = v, we introduce the notation
P(v1, v2) := {(A, B) ⊢ v | |A| = v1, |B| = v2}.
There is a standard element (Ao, Bo) in P(v1, v2) with A
i
o := [1, v
i
1
], and Bio := [v
i
1
+ 1, vi
1
+ vi
2
] for any i ∈ I.
This standard element will also be denoted by ([1, v1], [v1 + 1, v]) for short.
For any (A, B) ∈ P(v1, v2), consider the following function on E
(A) ×S E
(B) ×S E
2
(2) fac1(zA|zB) :=
∏
α∈I
∏
s∈Aα
∏
t∈Bα
ϑ(zαs − z
α
t + t1 + t2)
ϑ(zαt − z
α
s )
.
By Lemma 1.2 and 1.4, there is a line bundle L
fac1
A,B on E
(A) ×S E
(B) ×S E
2, such that fac1 is a rational section
of the dual line bundle (L
fac1
A,B )
∨. Similarly, consider the function
(3) fac2(zA|zB) :=
∏
h∈H
( ∏
s∈Aout(h)
∏
t∈Bin(h)
ϑ(zin(h)t − z
out(h)
s + mht1)
∏
s∈Ain(h)
∏
t∈Bout(h)
ϑ(zout(h)t − z
in(h)
s + mh∗ t2)
)
.
There is a line bundle L
fac2
A,B on E
(A) ×S E
(B) ×S E
2, such that fac2 is a rational section of the dual line bundle
(L
fac2
A,B )
∨.
Define LA,B := L
fac1
A,B ⊗ L
fac2
A,B . Then, by Lemma 1.2, the dual L
∨
A,B has a rational section fac(zA|zB) :=
fac1 fac2. As we will see in §8, the function fac(zA|zB) naturally shows up in the study of cohomological
Hall algebras. When (A, B) = (Ao, Bo), the standard element, we also denote LA,B by Lv1 ,v2 .
Lemma 2.3. (1) We have the isomorphism on E(v1) × E(v2): L
fac1
v1,v2 |t1=t2=0 = O.
(2) If the quiver Q has no arrows, then L
fac2
v1 ,v2 = O.
(3) If either v1 = 0 or v2 = 0, then L
fac
v1,v2 = OE(v1+v2) , the structure sheaf on E
(v1+v2).
Proof. The claim follows from the formulas of fac1 (2) and fac2 (3). 
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Lemma 2.4. For dimension vectors v1, v2, v3 ∈ N
I , we have the isomorphism
Lfacv1 ,v2 ⊗ S
∗
12(L
fac
v1+v2 ,v3
)  Lfacv2,v3 ⊗ S
∗
23(L
fac
v1 ,v2+v3
),
where the maps Si j are symmetrization maps as in the following diagram.
(4) E(v1) ×S E
(v2) ×S E
(v3) ×S E
2
S123

S12
tt❤❤❤❤
❤❤❤
❤❤❤
❤❤ S23
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
E(v1+v2) ×S E
(v3) ×S E
2
S12,3 **❱
❱❱❱
❱❱❱
❱❱❱
❱❱
E(v1) ×S E
(v2+v3) ×S E
2
S1,23tt❤❤
❤❤❤
❤❤❤
❤❤❤
❤
E(v1+v2+v3) ×S E
2
Proof. This isomorphism can be checked at the level of the corresponding elements in Z[Λ]Sv1×Sv2×Sv3 .
Those elements are obviously associative with respect to addition. 
Lemma 2.5. Let σ : E(v1) × E(v2) × E2 → E(v2) × E(v1) × E2 be the map that permutes the first two factors,
and sends (t1, t2) ∈ E
2 to (−t1,−t2). Then σ
∗(Lv1 ,v2 )  Lv2 ,v1 .
2.2. A monoidal category of sheaves. Notations as before, let HE×I be the I-colored Hilbert scheme of
points on E. Let C be the abelian category of quasi-coherent sheaves onHE×I . More explicitly, an object of
C is a tuple (Fv)v∈NI , where Fv is a quasi-coherent sheaf on E
(v). A morphism between two objects (Fv)v∈NI
and (Gv)v∈NI is a collection of morphisms of sheaves Fv → Gv on E
(v), for v ∈ NI .
We define a tensor product ⊗t1 ,t2 on C parameterized by (t1, t2) ∈ E
2. For any F ,G ∈ C, we define
F ⊗t1,t2 G = {(F ⊗t1,t2 G)v}v∈NI as
(5) (F ⊗t1,t2 G)v :=
∑
v1+v2=v
(Sv1,v2 × id)∗
(
p∗1Fv1 ⊗ p
∗
2Gv2 ⊗ Lv1 ,v2
)
,
where Lv1 ,v2 is the line bundle on E
(v1) ×S E
(v2) ×S E
2 described in §2.1, and the maps are given in the
following diagram
E(v1) ×S E
(v2) ×S E
2
p1
vv♠♠♠
♠♠
♠♠
♠♠ p2
((◗◗
◗◗
◗◗
◗◗
◗
Sv1 ,v2
×id
// E(v1+v2) ×S E
2
E(v1) ×S E
2 E(v1) ×S E
2
.
Here Sv1,v2 : E
(v1) ×S E
(v2) → E(v1+v2) is the symmetrization map.
Consider the following object ǫ of C. When v = 0, ǫ0 = OE(0) the structure sheaf of E
(0); when v , 0,
ǫv = 0 the zero sheaf on E
(v).
Proposition 2.6. (1) The operator ⊗t1,t2 is associative. That is, we have
(F ⊗t1 ,t2 G) ⊗t1,t2 H  F ⊗t1 ,t2 (G ⊗t1,t2 H).
(2) The object ǫ is the identity object. That is, we have ǫ ⊗t1,t2 G = G, for any G ∈ C.
Proof. Notations as in diagram (4). By definition, we have
((F ⊗t1,t2 G) ⊗t1 ,t2 H)v =
∑
v1+v2+v3=v
(S12,3)∗
(
(S12)∗(Fv1 ⊠ Gv2 ⊗ Lv1 ,v2) ⊠Hv3 ⊗ Lv1+v2 ,v3
)
=
∑
v1+v2+v3=v
(S12,3)∗(S12)∗
(
Fv1 ⊠ Gv2 ⊗ Lv1 ,v2 ⊠Hv3 ⊗ S
∗
12Lv1+v2,v3
)
=
∑
v1+v2+v3=v
(S123)∗
(
Fv1 ⊠ Gv2 ⊠Hv3 ⊗ Lv1 ,v2 ⊗ S
∗
12Lv1+v2 ,v3
)
.
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Similar argument shows
(F ⊗t1 ,t2 (G ⊗t1,t2 H))v =
∑
v1+v2+v3=v
(S123)∗
(
Fv1 ⊠ Gv2 ⊠Hv3 ⊗ Lv2,v3 ⊗ S
∗
23Lv1,v2+v3
)
.
The associativity follows from Lemma 2.4.
For (2): By definition we have
(ǫ ⊗t1 ,t2 G)v =
∑
v1+v2=v
Sv1,v2∗
(
p∗1ǫ ⊗ p
∗
2G ⊗ Lv1 ,v2
)
= idv∗
(
Ov ⊗E(v) G ⊗E(v) L0,v
)
= Gv.
This completes the proof. 
Therefore, we proved the following
Theorem 2.7. The category (C,⊗t1,t2) is a family of monoidal categories over E
2.
3. The sheafified elliptic quantum group
3.1. Sheafified elliptic shuffle algebra. Recall that H is the set of arrows of the quiver Q. Let A = (akl)k,l∈I
be the adjacency matrix of Q, whose (k, l)-th entry is akl := #{h ∈ H | out(h) = k, in(h) = l} , and let
C := I − A.
We consider the object SH := OHE×I of the category C. Precisely, SHv = OE(v) for any v ∈ N
I . We
construct an algebra structure on SH . The rational section fac(zAo |zBo) = fac1(zAo |zBo) fac2(zAo |zBo) (See
formulas (2) (3)) of L∨v1 ,v2 induces a rational map Lv1 ,v2 → OE(v1)×E(v2) , and hence induces the following
rational map
(6) SHv1 ⊗t1,t2 SHv2 = S∗(Lv1 ,v2)→ S∗OE(v1)×S E(v2) .
Note that OE(v1+v2) is the subsheaf (S∗OE(v1)×E(v2))
Sv of Sv-invariants in S∗OE(v1)×S E(v2) . We define
(7) S∗OE(v1)×S E(v2) → OE(v1+v2) = SHv1+v2 , f 7→ (−1)
(v2 ,Cv1)
∑
σ∈Sh(v1,v2)
σ( f )
to be the symmetrizer modified by a sign. The multiplication ⋆ : SHv1 ⊗t1 ,t2 SHv2 → SHv1+v2 is defined to
be the composition of (6) and (7). In other words, for fi ∈ SHvi , i = 1, 2, the multiplication of f1 and f2 has
the following formula
(8) f1 ⋆ f2 =
∑
σ∈Sh(v1 ,v2)
(−1)(v2 ,Cv1)σ
(
f1 · f2 · fac(z[1,v1]|z[v1+1,v2])
)
∈ SHv1+v2 .
Note that although fac(zA|zB) has simple poles, the multiplication ⋆ is a well-defined regular map (see, e.g.,
[Vish07, Proposition 5.29(1)]).
Theorem 3.1. (SH , ⋆) is an algebra object in (C,⊗t1,t2 ).
The theorem follows from a standard calculation. However, we will provide a topological proof of this
fact in Proposition 8.1.
3.2. Coproduct. In this section, we construct a coproduct ∆ : SH → (SH ⊗t1,t2 SH)loc on a suitable
localization of SH . By definition of ⊗t1 ,t2 , it suffices to construct a rational map
∆v : SHv →
⊕
{(v1 ,v2)|v1+v2=v}
S∗(SHv1 ⊠ SHv2 ⊗ Lv1 ,v2)
on each component v ∈ NI .
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The rational section 1
fac(z[v1+1,v] |z[1,v1])
induces a rational map OE(v1)×E(v2) → Lv1,v2 . This gives a rational map
S
∗SHv = OE(v1)×E(v2) → SHv1 ⊠ SHv2 ⊗ Lv1,v2 = Lv1 ,v2 . The coproduct ∆v is obtained by adjunction. More
precisely, for any local section P of SHv, the coproduct ∆(P) is given by the formula
(9) ∆(P(z)) =
∑
{v1+v2=v}
(−1)(v2 ,Cv1)
P(z[1,v1] ⊗ z[v1+1,v])
fac(z[v1+1,v]|z[1,v1])
,
where ∆(P(z)) is a well-defined local rational section of
⊕
v1+v2=v
SHv1 ⊗t1 ,t2 SHv2 .
Proposition 3.2. The operator ∆ is coassociative.
Proof. This follows from a standard verification, similar to [YZ16, Proposition 2.1(1)]. 
The compatibility of ⋆ and ∆ relies on a braiding γ of the category (C,⊗t1,t2). For any v1, v2 ∈ N
I , and
each pair of objects {Fv}v∈NI and {Gv}v∈NI , we describe a rational isomorphism
(10) γF ,G : Fv1 ⊗t1,t2 Gv2 = S∗(Fv1 ⊠ Gv2 ⊗ Lv1,v2 )→ Gv2 ⊗t1,t2 Fv1 = S∗(Gv2 ⊠ Fv1 ⊗ Lv2,v1 ).
To define γ, we only need to specify a rational section of L∨v1 ,v2 ⊗Ev1×E(v2) Lv2 ,v1 . There is a natural rational
section given by Φ̂(zBo |zAo) :=
fac(zBo |zAo )
fac(zAo |zBo )
, where Ao = [1, v1], and Bo = [v1 + 1, v1 + v2].
Theorem 3.3. The rational morphism γ is a braiding, making (C,⊗t1,t2 , γ) a symmetric monoidal category.
Proof. As the associative constraint is the identify map of sheaves, we only need to show the equality
γF ,GγG,F = id, and the commutativity of the diagram
F ⊗t1 ,t2 G ⊗t1,t2 H
γF ,G⊗1 ))❙❙
❙❙
❙❙
❙❙
❙❙
γF ,G⊗H // G ⊗t1,t2 H ⊗t1,t2 F
G ⊗t1 ,t2 F ⊗t1,t2 H
1⊗γF ,H
55❦❦❦❦❦❦❦❦❦❦
These follow from the facts that Φ̂(zA|zB)Φ̂(zA|zC) = Φ̂(zA|zB⊔C), and that Φ̂(zA|zB)Φ̂(zB|zA) = 1. 
Remark 3.4. (1) Compared to the formula (9), there is an extra term HA(zB) in the formula of ∆(P(z))
in [YZ16, §2.1]. This extra factor HA(zB) is absorbed in the braiding γ of C. In § 5, we will construct
an action of a commutative algebra on SH , where HA(zB) lies in the commutative algebra and has
a natural meaning.
(2) The fact that γ is only a meromorphic isomorphism has to do with the meromorphic tensor structure
of the module category of SH .
Theorem 3.5. The object SH = OHE×I is a bialgebra object in Cloc.
Proof. The proof goes the same way as in [YZ16, Theorem 2.1]. Nevertheless, to illustrate how the role of
the HA(zB)-factor in [YZ16] is replaced by γ, we demonstrate the proof that ∆ is an algebra homomorphism.
Note that we have the same sign (−1)(v2 ,Cv1) in both multiplication ⋆ (8) and comultiplication ∆ in (9) of
SH . To show the claim, it is suffices to drop the sign (−1)(v2 ,Cv1) in both ⋆ and ∆.
We introduce the following notations for simplicity. For a pair of dimension vectors (v′
1
, v′
2
), with v′
1
+v′
2
=
v, and for (A, B) ∈ P(v1, v2), we write
A1 := A ∩ [1, v
′
1], A2 := A ∩ [v
′
1 + 1, v
′
1 + v
′
2], B1 := B ∩ [1, v
′
1], B2 := B ∩ [v
′
1 + 1, v
′
1 + v
′
2].
Note that SH ⊗t1 ,t2 SH is an algebra object in (C,⊗t1 ,t2 , γ). The multiplication mSH⊗SH is given by
(mSH ⊗ mSH ) ◦ (idSH ⊗γ ⊗ idSH ) : (SH ⊗t1,t2 SH) ⊗t1 ,t2 (SH ⊗t1 ,t2 SH)→ SH ⊗t1,t2 SH .
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We now check the identity ∆m = (m ⊗ m)(id⊗γ ⊗ id)(∆ ⊗ ∆). We have
∆(P ⋆ Q) =
∑
(A,B)∈P(v1,v2)
∆
(
P(zA) · Q(zB) · fac(zA|zB)
)
=
∑
(A,B)∈P(v1,v2)
∑
v′
1
+v′
2
=v
γA2,B1P(zA1 ⊗ zA2)Q(zB1 ⊗ zB2) fac(zA|zB)
fac(z[v′
1
+1,v′
1
+v′
2
]|z[1,v′
1
])
=
∑
v′
1
+v′
2
=v
∑
(A,B)∈P(v1,v2)
P(zA1 ⊗ zA2)Q(zB1 ⊗ zB2)
fac(zA2⊔B2 |zA1⊔B1)
Φ̂(zB2 |zA1) fac(zA1⊔A2 |zB1⊔B2).
The last equality is obtained from the formula of γ. Recall that by definition Φ̂(zB2 |zA1) =
fac(zB2 |zA1 )
fac(zA1 |zB2 )
. Plugging
the equality
Φ̂(zB2 |zA1) fac(zA1⊔A2 |zB1⊔B2)
fac(zA2⊔B2 |zA1⊔B1)
=
fac(zA1 |zB1) fac(zA2 |zB2)
fac(zA2 |zA1) fac(zB2 |zB1)
into the formula of ∆(P ⋆ Q), we have
∆(P ⋆ Q) =
∑
v′
1
+v′
2
=v
∑
(A,B)∈P(v1,v2)
P(zA1 ⊗ zA2)
fac(zA2 |zA1)
Q(zB1 ⊗ zB2)
fac(zB2 |zB1)
fac(zA1 |zB1) fac(zA2 |zB2) = ∆(P) ⋆ ∆(Q).
This completes the proof. 
For each k ∈ I, let ek be the dimension vector valued 1 at vertex k of the quiver Q and zero otherwise.
The spherical subsheaf, denoted by SH sph, is the subsheaf of SH generated by SHek = OE(ek) as k varies
in I.
Corollary 3.6. The spherical subsheaf SH sph is a bialgebra object (without localization) in (C,⊗t1,t2 , γ).
In Theorem 9.10, we will construct a non-degenerate bialgebra pairing on SH sph, so that we can take the
Drinfeld double D(SH sph) of SH sph. The sheafified elliptic quantum group is defined to be the Drinfeld
double D(SH sph). In §6.1, we verify that the meromorphic sections of D(SH sph) satisfy the relations of
elliptic quantum group in [GTL17].
4. A digression to loop Grassmannians
In this section, we take a digression to discuss the relation between the sheafified elliptic quantum group
and the global loop Grassmannian on the elliptic curve E. In particular, we show that the monoidal structure
we defined is related to the factorization structure on the loop Grassmannian.
4.1. Local spaces and local line bundles. Let C be a smooth curve and HC×I be the I-colored Hilbert
scheme of points on C. Very recently, Mirkovic´ in [Mir15] gave a new construction of loop Grassmannian
Gr overHC×I in the framework of local spaces. A local space introduced by Mirkovic´ is a space overHC×I
satisfying a factorization property for disjoint unions similar to that of Beilinson-Drinfeld, referred to as the
locality structure in loc. cit.. Similarly, there are notions of local vector bundles, local line bundles, local
projectivization of a local vector bundle, etc. This locality structure has many applications, including a new
construction of the semi-infinite orbits in the loop Grassmannians of reductive groups and affine Kac-Moody
groups. It also has applications in geometric Langlands in higher dimensions. We briefly recall the relevant
notions and results, and refer the readers to loc. cit. for the details.
Let C be an arbitrary smooth complex curve. Similarly to § 2, we have the Hilbert scheme of I-colored
points in C
HC×I :=
∐
v∈NI
C(v).
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For a dimension vector v = (vi) ∈ NI , we have a natural projection C |v| → C(v). If we write points in C |v|
using the coordinate (zka)k∈I,a∈[1,vk] introduced in § 2, then have have the divisor ∆i j which is the image of the
divisor
⋃
a∈[1,vi],b∈[1,v j]{z
i
a = z
j
b
}. It only depends on i, j ∈ I. In the special case when I is a point, the image
of the divisors ∆i j under the projection gives the diagonal divisor ∆ of C
(N).
We first recall the classification of local line bundles onHC×I given in [Mir15].
Proposition 4.1 (Mirkovic´). A local line bundle L on HC×I is equivalent to the data of line bundles Li on
C, i ∈ I, and one quadratic form on Z[I].
Let {Li}i∈I be line bundles on C, and (di j) be a quadratic form on Z[I]. Note that any line bundle L on C
defines a line bundle L(n) on C(n), n ∈ N. The pullback to Cn is L⊠n. Let L
(vi)
i
be the line bundle on C(v
i). The
corresponding local line bundle in Proposition 4.1 is given by L|C(v) = (⊠i∈IL
(vi)
i
) ⊗E(v) O(
∑
i, j∈I di j∆i j).
4.2. LoopGrassmannians from local line bundles. The construction of loop Grassmannians from [Mir15]
is summarized as follows. For the data of a finite set I, a quadratic form on the lattice Z[I], Mirkovic con-
structs a local space, called the Zastava space, over HC×I . Gluing these Zastava spaces using the locality
structure together gives the loop Grassmannian Gr. This procedure is called the semi-infinite construction
in loc. cit..
Let T be the universal family over HC×I , and Gr(T ) be the Grassmannian parameterizing subschemes
of T . In other words, for any D ∈ HC×I , the fibers are TD = D, and Gr(T )D = {D
′ | D′ ⊂ D} the moduli
of all subschemes of D. Let p : Gr(T ) → HC×I be the bundle map. Let q : Gr(T ) → HC×I be the map
(D′,D) 7→ D′.
Gr(T )q
uu❦❦❦❦
❦❦
p
))❙❙❙
❙❙❙
HC×I HC×I
Let FM be the Fourier-Mukai transform FM = p∗◦q
∗, and let Ploc(V) be the local projectivization of a vector
bundle V introduced by Mirkovic´ in loc. cit.. We write the line bundle {OE(v)(
∑
i, j∈I di j∆i j)}v∈NI simply as
L(di j)i, j∈I .
Definition 4.2. The Zastava space Z is isomorphic to Ploc
(
FM(L(di j)i, j∈I )
)
.
By construction, the Zastava space is a family overHC×I , whose generic fiber is the products P
1×P1 · · ·×
P
1.
Assume G is a reductive group, Q = (I,H) the corresponding quiver of G, and the quadratic form from
Proposition 4.1 being the adjacency matrix. On HC×I there is a Beilinson-Drinfeld loop Grassmannian
Gr(G). For a point D ∈ HC×I , the fiber GrD of loop Grassmannian associated to G parametrizes the G-
bundles on C trivialized outside D. Then, Z ⊂ Gr(G) is the Zastava space in the sense of [FM99], which is
a local space onHE×I with special fiber the semi-infinite orbit (Mirkovic´-Vilonen cycle) in Gr(G).
The torus T := Gm
I acts onZ.
Theorem 4.3 (Mirkovic´). (1) The local space ZT over HC×I is isomorphic to Gr(T ), the Grassman-
nian of the tautological scheme T .
(2) The line bundle OGr(1) |ZT is isomorphic to the pullback of the local line bundle L(di j)i, j∈I :=
{OE(v)(
∑
i, j∈I di j∆i j)}v∈NI under the map q.
The semi-infinite construction of loc. cit. then gives a loop Grassmannian Gr, which is a local space over
HC×I . WhenG is a reductive group, and the quadratic form is the adjacency matrix, this Gr is the Beilinson-
Drinfeld Grassmannian. Fix a point c on E, the fiber Gr(G)[c] at [c] = ∪n∈Nnc ∈ HC×I is isomorphic to the
ind-scheme G((z))/G[[z]], where z is a local coordinate of the formal neighborhood of c ∈ C, and the fiber
Z[c] is isomorphic to the Mirkovic´-Vilonen cycle of G((z))/G[[z]].
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Note that Z(G)T has a component HC×I when the subscheme D
′ is the same as D. The map q is identity
when restricted to the component HC×I .
4.3. Classical limit of the monoidal structure. We describe the classical limit of the monoidal structure
⊗t1,t2 of C, and identify it with structures occurred in the local space construction of the loop Grassmannian.
If t1 = t2 = 0, by Lemma 2.3, L
fac1
v1 ,v2 = O. In this case, the fac2 in (3) can be simplified as
(11) fac2 =
∏
i, j∈I
vi
1∏
s=1
v
j
2∏
t=1
ϑ(z
j
t+v
j
1
− zis)
ai j+a ji ,
where ai j is the number of arrows from i to j of quiver Q. Let Dv1 ,v2 be the divisor
∑
i. j∈I(ai j + a ji)∆i j in
E(v1) × E(v2). Therefore, Lfacv1 ,v2 |t1=t2=0 is the line bundle O(Dv1,v2) associated to the divisor Dv1 ,v2 .
We now describe the monoidal structure ⊗0 of C. A special case is when Q has no arrows. Lemma 2.3
shows that in this case the tensor structure on the category C is the same as the convolution product ∗, defined
to be F ∗ G = S∗(F ⊠ G) with S : HC×I × HC×I → HC×I be the union map, for F ,G coherent sheaves on
HC×I . That is,
{F }v ∗ {G}v := {Sv1,v2,∗(Fv1 ⊠ Gv2 )}v1+v2 ,
where Sv1,v2 : E
(v1) × E(v2) → E(v1+v2) is the symmetrization map.
In general, the tensor structure ⊗0 is closely related to the locality structure from § 4.1. We take the curve
C to be the elliptic curve E, and the quadratic form from Proposition 4.1 to be the adjacency matrix of the
quiver Q.
Proposition 4.4. (1) The classical limit SH sph|t1=t2=0 of the spherical subalgebra SH
sph is the local
line bundle L(di j)i, j∈I onHE×I .
(2) Let L be the local line bundle onHE×I from (1), then F ⊗t1=t2=0 G = S∗((F ⊠ G) ⊗ (L ⊠ L)) ⊗ L
∨.
Proof. For dimension vector v ∈ NI , we identify SH
sph
v |t1=t2=0 with the local line bundle OE(v)(D
(v)), where
D(v) :=
∑
i, j∈I di j∆i j, and di j = ai j + a ji is the number of arrows between vertices i and j. Note that D
(v) is
the zeros of the function
∏
i< j∈I
∏vi
s=1
∏v j
t=1 ϑ(z
j
t − z
i
s)
di j .
We now prove the claim by induction on |v| =
∑
i v
i. When |v| = 1, we have v = ek, for some k ∈ I. In this
case, SHek = OE(ek) , which is the desired local bundle on E.
By induction hypothesis, assume if |v| < n, we have SH
sph
v |t1=t2=0 = O
⊠v
E
(D(v)). For any v ∈ NI , we write
v = v1 + v2, for vi ∈ N
I , i = 1, 2. We assume that |vi| < n, i = 1, 2. When t1 = t2 = 0, by (11), the
multiplication SH
sph
v1 ⊗ SH
sph
v2 → SH
sph
v is given by (8):
f1 ⋆ f2 =
∑
σ∈Sh(v1 ,v2)
(−1)(v2 ,Cv1)σ( f1 · f2 · fac |t1=t2=0), where fac |t1=t2=0 =
∏
i, j∈I
vi
1∏
s=1
v
j
2∏
t=1
ϑ(z
j
t+v
j
1
− zis)
di j .
Therefore, SH
sph
v |t1=t2=0 =
⊕
v1+v2=v
OE(v1)(D
(v1)) ⊗ OE(v2)(D
(v2)) ⊗ O(− fac). We have the equality
∏
i< j∈I
vi
1∏
s=1
v
j
1∏
t=1
ϑ(z
j
t − z
i
s)
di j ·
∏
i< j∈I
vi
2∏
s=1
v
j
2∏
t=1
ϑ(z
j
t − z
i
s)
di j ·
∏
i, j∈I
vi
1∏
s=1
v
j
2∏
t=1
ϑ(z
j
t+v
j
1
− zis)
di j
=
∏
i< j∈I
vi∏
s=1
v j∏
t=1
ϑ(z
j
t − z
i
s)
di j ,
which is the defining function of D(v). This completes the proof of (1).
Statement (2) is a direct consequence of (1). 
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In other words, SH sph is a 2-parameter deformation of the local line bundle {OE(v)(
∑
i, j∈I di j∆i j)}v∈NI on
HE×I , where di j is the number of arrows between vertices i and j of the quiver Q.
4.4. Loop Grassmannians and quantum groups. By Proposition 4.4(1) and Theorem 4.3, we have
Corollary 4.5. (1) SH sph is a two parameter deformation of the local line bundle OGr(1) |HC×I⊂ZT .
(2) We have the isomorphism Ploc(FM(SH
sph|t1=t2=0))  Z(G).
Recall that (C,⊗t1,t2) in §2.2 is the monoidal category of coherent sheaves on HC×I . Let (di j)i, j∈I be the
quadratic form of Z[I], whose entry di j is the number of arrows between i, j of the quiver Q.
Proposition 4.4(1) identifies the sheaf SH sph|t1=t2=0 with the local line bundle
L(di j)i, j∈I = {OE(v)(
∑
i, j∈I
di j∆i j)}v∈NI .
By Proposition 4.4(2) the multiplication ⋆ : L(di j)i, j∈I ⊗0 L(di j)i, j∈I → L(di j)i, j∈I is the identity map. In other
words, using this observation and Corollary 4.5, we have the following.
Proposition 4.6. The algebra structure on SH sph|t1=t2=0 is equivalent to the locality structure onOGr(1) |HC×I⊂ZT .
Remark 4.7. Although the above results are stated for the case when C = E, the counterparts for the case
when C = Ga,Gm also hold. As there are no non-trivial line bundles on the Hilbert scheme of points in C in
these cases, most statements become trivial.
5. Reconstruction of the Cartan subalgebra
In this section, we give another description of the symmetric monoidal category (C,⊗t1,t2 , γ) in Theo-
rem 3.3. From this new description, it is clear how the Cartan subalgebra of the sheafified elliptic quantum
group, denoted by SH0, acts on SH . This is similar to the reconstruction of Cartan in [Maj99]. However,
in the affine setting the structure of the monoidal category is richer, and the braiding is only a meromorphic
section of a line bundle. The meromorphic nature of the braiding is related to the existence of the Drinfeld
polynomials (see § 10.1).
We introduce a category C′ which is equivalent to (C,⊗t1,t2 , γ). Roughly speaking, an object of C
′ have
dynamical parameters. Adding of the dynamical parameters simplifies the action of the Cartan subalgebra.
In this section, we work under Assumption 2.1(2).
5.1. Recover the Cartan-action. Recall that for any object F = (Fv)v∈NI in C, the braiding γ (10) gives
a rational isomorphism γO,F : OHE×I ⊗t1,t2 F  F ⊗t1,t2 OHE×I . In particular, for any k ∈ I and v ∈ N
I , on
Eek × E(v), γ induces a rational isomorphism
(12) γek,v : OEek ⊠ Fv → (OEek ⊠ Fv) ⊗ L
∨
ek ,v ⊗ Lv,ek .
The map γek ,v is defined by the rational section Φ̂(z[1,v] |zek ) :=
fac(z[1,v] |zek )
fac(zek |z[1,v])
of L∨ek ,v ⊗ Lv,ek . Same formula
appears in [YZ16, §1.4], which was motivated by the formulas in [Nak01, §10.1] and [Var00, §4].
Note that for any local section fk of OEek , γek ,v gives a map from Fv to Fv ⊗ L
∨
ek,v ⊗ Lv,ek . In the next two
subsections, we show that this twist L∨ek,v ⊗ Lv,ek can be removed using a structure similar to the Sklyanin
algebra § 5.3. It will give an action of SH0 on any object of C.
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5.2. Recover the dynamical parameters. Let E be the universal elliptic curve over M1,2. Let E be the
elliptic curve over M1,1. Then E can be realized as a quotient of C × H by the action of Z
2 and SL2(Z),
where H is the upper half plane. More explicitly, for (z, τ) ∈ C × H, and (n,m) ∈ Z2, the action is given
(n,m) ∗ (z, τ) := (z+ n+ τm, τ). For
(
a b
c d
)
∈ SL2(Z), the action is given by
(
a b
c d
)
∗ (z, τ) := ( z
cτ+d ,
aτ+b
cτ+d ). Then
E is the the orbifold quotient C × H/(SL2(Z) ⋉ Z
2), andM1,1 is the orbifold quotient H/SL2(Z).
A closed point (z, λ, τ) of E overM1,2 consists of a point (z, τ) on the curve E, together with a degree-zero
line bundle on Eτ given by λ ∈ E
∨
τ . Here (λ, τ) are the coordinates ofM1,2.
Let v = (vi)i∈I ∈ N
I be a dimension vector. For i ∈ I, recall that E(v
i)
= E
|vi |
M1,2
/Svi , where the product
E
|vi |
M1,2
is overM1,2. Define
E(v)
′
:=
∏
i∈I,M1,1
E(v
i)
=
∏
i∈I
(E(v
i) ×M1,1 M1,2).
The coordinates of each M1,2 are denoted by λi ∈ Eτ for each i ∈ I. Hence, the coordinates of E
(v)′
can be taken as (zis, λi, τ)i∈I,s∈[1,vi]. Let (t1, t2) be the coordinates of E
2. Let Eλ :=
∏
i∈I,M1,1 M1,2, whose
coordinates are (λi, τ)i∈I , and Eλ,t1,t2 :=
∏
i∈I,M1,1 M1,2 ×M1,1 E
2, whose coordinates are (λi, τ, t1, t2)i∈I . The
scheme E(v)
′
×M1,1 E
2 with coordinates (zis, λi, τ, t1, t2)i∈I,s∈[1,vi] is a scheme over Eλ,t1,t2 .
There is a natural line bundle L on E, which has rational section gλ(z) :=
ϑ(z+λ)
ϑ(z)ϑ(λ) . We have an induced
line bundle L(v) on E(v)
′
, which has rational section
∏
i∈I
∏vi
j=1
ϑ(z(i)
j
+λi)
ϑ(z(i)
j
)ϑ(λi)
.
For simplicity, we specialize t1 = t2 =
~
2
. Let cki be the (k, i)-entry of the Cartan matrix of the quiver Q.
For each k ∈ I, we consider the map
gk : E
(v)′ ×M1,1 E→ E
(v)′ ×M1,1 E, by (z
i
s, λi, τ, ~)i∈I,s∈[1,vi] 7→ (z
i
s, ci,k~, τ, ~)i∈I,s∈[1,vi].
Let L
(v)
k,~
:= g∗
k
L
(v) be the line bundle on H ′
E×I
×M1,1 E obtained from pulling-back via g
∗
k
. Then a rational
section of L
(v)
k,~
can be taken as
∏
i∈I
∏vi
j=1
ϑ(z(i)
j
+ci,k~)
ϑ(z(i)
j
)ϑ(
cki
2
~)
or
∏
i∈I
∏vi
j=1
ϑ(z(i)
j
+
cki
2
~)
ϑ(z(i)
j
−
cki
2
~)
. Denote H ′
E×I
:=
∐
v∈NI E
(v)′ .
Let Lk,~ = {L
(v)
k,~
}v∈NI be the line bundle onH
′
E×I
×M1,1 E.
For each k ∈ I, define the shifting operators
ρk : Eλ,~ → Eλ,~, by (λi, ~)i∈I 7→ (λi + cki~, ~)i∈I ,
ρ(v)
k
: E(v)
′
×M1,1 E→ E
(v)′ ×M1,1 E, (z
i
s, λi, ~)i∈I,s∈[1,vi] 7→ (z
i
s, λi + cki~, ~)i∈I,s∈[1,vi].
Note that for k1, k2 ∈ I, ρ
(v)
k1
and ρ(v)
k2
commute with each other. The map ρ(v)
k
is not a morphism of Eλ,~-
schemes. Instead, we have the following Cartesian diagram.
(13) E(v)
′
×M1,1 E
ρ
(v)
k //

E(v)
′
×M1,1 E

Eλ,~
ρk // Eλ,~.
Lemma 5.1. We have the isomorphism (ρ(v)
k
)∗L(v)  L(v) ⊗ L
(v)
k,~
of sheaves on E(v)
′
×M1,1 E.
Proof. The claim follows from a straightforward calculation of the multipliers. Indeed, a rational section of
L
(v) ⊗ L
(v)
k,~
is ∏
i∈I
vi∏
j=1
ϑ(z(i)
j
+ λi)
ϑ(z(i)
j
)ϑ(λi)
·
∏
i∈I
vi∏
j=1
ϑ(z(i)
j
+
cki
2
~)
ϑ(z(i)
j
−
cki
2
~)
.
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The periodicity of z
(i)
j
is trivial along Λ-direction and eλi · ecki~ along τΛ-direction. A section of (ρ(v)
k
)∗L(v) is
∏
i∈I
vi∏
j=1
ϑ(z(i)
j
+ λi + cki~)
ϑ(z(i)
j
)ϑ(λi + cki~)
,
whose z
(i)
j
have the same periodicity. The two line bundles have the same system of multipliers, hence they
must coincide. 
5.3. Cartan-action and the dynamical parameters. We now define a category C′. An object of C′ con-
sists of a pair (F , ϕF ), where
• F = (Fv)v∈NI is a quasi-coherent sheaf onH
′
E×I
. That is, each Fv is a quasi-coherent sheaf on E
(v)′ ,
for v ∈ NI;
• ϕF = (ϕF ,k)k∈I is a collection of isomorphisms ϕF ,k : F ⊗(H ′
E×I
×M1,1E)
Lk,~  ρ
∗
k
F . That is, for each
k ∈ I, and v ∈ NI , ϕ(v)
F ,k
: Fv ⊗(E(v)′×M1,1E)
L
(v)
k,~
 (ρ(v)
k
)∗Fv is an isomorphism. For k1, k2 ∈ I, we
impose the condition that [ϕk1 , ϕk2] = 0.
A morphism from (F , ϕF ) to (G, ϕG) is a morphism f : F → G of sheaves on H
′
E×I
, such that, the
following diagram commutes for any k ∈ I.
F ⊗(H ′
E×I
×M1,1E)
Lk,~
ϕF //
f⊗id

(ρk)
∗F
(ρk)
∗ f

G ⊗(H ′
E×I
×M1,1E)
Lk,~
ϕG // (ρk)
∗G
We have the natural projection
p1 : E
(v)′ → E(v), (zis, λi, τ)i∈I,s∈[1,vi] 7→ (z
i
s, λ, τ)i∈I,s∈[1,vi].
For any sheaf F onHE×I , we have the sheaf p
∗
1
F ⊗ L(v) = {p∗
1
(Fv) ⊗E(v)′ L
(v)}v∈NI onH
′
E×I
.
Proposition 5.2. Notations as above, the assignment F 7→ (p∗
1
F ⊗ L(v), ϕF ) induces an equivalence of
abelian categories C  C′, where the isomorphism ϕF is given in Lemma 5.1.
Proof. Note that E(v)
′
is a principle EI
~
-bundle over the base E(v), where EI
~
acts by translation. It is well-
known that the category of quasi-coherent sheaves on E(v) is equivalent to the category of quasi-coherent
sheaves on E(v)
′
which are equivariant with respect to translation. Taking into consideration of the isomor-
phism from Lemma 5.1, we are done. 
We now construct the action of SH0. Abstractly, SH0 is isomorphic to OHE×I , however, it is not an
algebra object in (C,⊗t1,t2 ). The action of SH
0 on F will preserve each component (the root space) Fv, for
each root v ∈ NI .
Let q : Eek ×M1,2 E
(v)′ ×M1,1 E→ E
(v)′ ×M1,1 E be the subtraction map sending (z, (z
(i)
j
)i, j) to (z
(i)
j
− z)i, j.
Lemma 5.3. We have q∗L
(v)
k,~
 Lek,vL
∨
v,ek .
Proof. This follows from comparing the sections on both sides. A section of L
(v)
k,~
is
∏
i∈I
∏vi
j=1
ϑ(z(1)
j
+
cki
2
~)
ϑ(z
(1)
j
−
cki
2 ~)
,
hence its pullback under q is
ϑ(z
(1)
j
−z+
cki
2
~)
ϑ(z(1)
j
−z−
cki
2
~)
. A rational section of the right hand side is
fac(x[1,v] |xek )
fac(xek |x[1,v])
=
ϑ(z
(1)
j
−z+
cki
2
~)
ϑ(z(1)
j
−z−
cki
2
~)
(see also [YZ16, §1.4]). 
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Therefore, for objects F in C′, we have the isomorphisms
(14) (q∗Fv) ⊗ Lek,vL
∨
v,ek
 q∗(Fv ⊗ L
(v)
k,~
)  q∗(ρ(v)∗
k
Fv).
Define Φ̂k : q
∗Fv → q
∗(ρ(v)
k
Fv) to be the composition of γek,v (12) with the isomorphism (14). This composi-
tion is called the action of OEek on objects in C
′. By linearity, this extends to an action of SH0. In particular,
the action on the level rational sections of SH0 on SH in § 6.1 comes from this action of sheaves.
For any morphism f : F → G in C, we have the following commutative diagram
Fv
Φk //
fv

Fv ⊗ L
(v)
k,~
ϕF //
fv⊗id

(ρ(v)
k
)∗Fv
(ρ(v)
k
)∗ fv

Gv
Φk // Gv ⊗ L
(v)
k,~
ϕG // (ρ(v)
k
)∗Gv
yielding commutativity of f with the Cartan actions.
Roughly, without the dynamical parameters, sections of the Cartan given an endomorphism of an object
in C, twisted by a line bundle. With the dynamical parameters, on other hand, sections of the Cartan gives
an endomorphism of the same object, with a shift of the dynamical parameters.
Remark 5.4. This structure of SH0-action is a meromorphic version of Sklyanin algebra. Fix an elliptic
curve ι : E → P2, with corresponding line bundle L = ι∗(OP2 (1)). Fix an automorphism σ ∈ Aut(E) given
by translation under the group law and denote the graph of σ by Γσ ⊂ E × E. Let V := H
0(E,L), and
R := H0(E × E, (L ⊠L)(−Γσ)) ⊂ H
0(E × E, (L ⊠L)) = V ⊗ V.
Recall that the Sklyanin algebra Skl(E,L, σ) is by definition the algebra Skl(E,L, σ) = T (V)/(R), where
T (V) denotes the tensor algebra on V .
In our case, the input is σ = ~ and the line bundle L = O. Since this line bundle is not ample, we only
consider rational sections. The fact that O has an algebra structure makes the meromorphic Sklyanin algebra
commutative.
6. The algebra of rational sections
In this section, we take certain rational sections of the algebra object SH defined in §5.
6.1. The generating series. In this section, we still take E to be the elliptic curve overM1,2, L the Poincare´
line bundle on E, which has rational section gλ(z) =
ϑ(z+λ)
ϑ(z)ϑ(λ) . This section is regular away from z = 0, and
has the quasi-periodicity
f (z + 1) = f (z), f (z + τ) = e2πiλ f (z).
The space of all such meromorphic sections has a basis given by
{
g
(i)
λ (z) :=
1
i!
∂i
∂zi
(
ϑ(z+λ)
ϑ(z)ϑ(λ)
)}
i∈N
.
For each v ∈ NI , consider the universal cover C(v) × CI × H of E(v)
′
, whose coordinates are denoted by
(zit, λi, τ)i∈I,t∈[1,vi]. Consider the vector space of meromorphic functions on C
(v) × CI × H, which are regular
away from the hyperplanes {zit = n + τm | for all i ∈ I, t ∈ [1, v
i], for some n,m ∈ Z}. We have a functor Γrat
of taking certain rational sections from the category C to this vector space.
Let SHv := Γrat(SHv ⊗ L
(v)). Then SH :=
⊕
v∈NI
SHv is an algebra, with multiplication defined by (8).
Let SHsph ⊂ SH be the subalgebra generated by SHek , for k varies in I.
Consider λ = (λk)k∈I . Consider the following series of SH
sph:
(15) X+k (u, λ) :=
∞∑
i=0
g
(i)
λk
(zk)u
i
= gλk (u + zk) =
ϑ(u + zk + λk)
ϑ(u + zk)ϑ(λk)
,
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where the 2nd equality follows from Cauchy integral theorem. We have X+
k
(u, λ) ∈ SHsph[[u]].
We define a commutative algebra SH0, which will be the commutative subalgebra of the elliptic quantum
group. SH0 is the symmetric algebra of
⊕
k∈I
Γrat(OEek ). Let we take a natural basis of Γrat(OE) as follows.
Let ℘(z) be the Weierstrass ℘-function, and let ℘(i)(z) := 1
i!
∂i
∂zi
℘(z). Then {℘(i)(z)} is a basis. Let
Φk(u) :=
ϑ(u + ~/2)
ϑ(u − ~/2)
∞∑
i=1
Hk ⊗ ℘
(i)(z)ui
be the generating series of SH0, where Hk ∈ h. We have Φk(u) ∈ SH
0[[u]], for k ∈ I.
We now construct an action of SH0 on SH. Let aik be the number of arrows of Q from vertex i to k, and
let cik be the (i, k)-entry of the Cartan matrix. Thus, we have cik = −aik − aki if k , i, cik = 2 if k = i. For
any element gv ∈ SHv, the action of Φk(u) on gv is given by Φk(u)gvΦk(u)
−1 := gvΦ̂k,v(u)
1, where
(16) Φ̂k,v(u) :=
∏
i∈I
vi∏
j=1
ϑ(u + z(i)
j
+ (cki)
~
2
)
ϑ(u + z(i)
j
− (cki)
~
2
)
.
Note that the element Φ̂k,v(u) lies in SHv[[u]].
Let X−
k
(u, λ) be the corresponding series of −X+
k
(−u,−λ) in the opposite algebra SHcoop[[u]]. The action
of SH0 on SH induces an action of SH0 on SHcoop. In Theorem 9.10, we will construct a non-degenerate
bialgebra pairing on SH sph, so that we can take the Drinfeld double D(SHsph) := SHsph ⊗ SH0 ⊗ SHsph,coop.
The series X±
k
(u, λ),Φk(u) ∈ D(SH
sph)[[u]] are the generating series of the Drinfeld double D(SHsph).
Theorem 6.1. The generating series X±
k
(u, λ), and Φk(u) of D(SH
sph) satisfy the following commutation
relations.
EQ1: For each i, j ∈ I and h ∈ h, we have
[Φi(u),Φ j(v)] = 0 and [h,Φi(u)] = 0.
EQ2: For each i ∈ I and h ∈ h, we have
[h,X±i (u, λ)] = ±αi(h)X
±
i (u, λ).
EQ3: For each i, j ∈ I, let a =
ci j
2
~ and let λ j = (λ, α j), we have
Φi(u)X
±
j (v, λ)Φi(u)
−1
=
ϑ(u − v ± a)
ϑ(u − v ∓ a)
X±j (v, λ ± ~αi) ±
ϑ(2a)ϑ(u − v ∓ a − λ j)
ϑ(λ j)ϑ(u − v ∓ a)
X±j (u ∓ a, λ ± ~αi).
EQ4: For each i , j ∈ I and λ ∈ h∗ such that (λ, αi) = (λ, α j) which denoted by l, let a =
ci j
2
~. Then we
have
ϑ(2l)ϑ(u − v ∓ a)X±i (u, λ ±
~
2
α j)X
±
j (v, λ ∓
~
2
αi) − ϑ(l ± a)ϑ(u − v − l)X
±
i (u, λ ±
~
2
α j)X
±
j (u + l, λ ∓
~
2
αi)
− ϑ(l ∓ a)ϑ(u − v + l)X±i (v + l, λ ±
~
2
α j)X
±
j (v, λ ∓
~
2
αi)
=ϑ(2l)ϑ(u − v ± a)X±j (v, λ ±
~
2
αi)X
±
i (u, λ ∓
~
2
α j) − ϑ(l ∓ a)ϑ(u − v − l)X
±
j (u + l, λ ±
~
2
αi)X
±
i (u, λ ∓
~
2
α j)
− ϑ(l ± a)ϑ(u − v + l)X±j (v, λ ±
~
2
αi)X
±
i (v + l, λ ∓
~
2
α j)
1 The formula of Φ̂k,v(u) in [YZ14, YZ16] is Φ̂k,v(u) :=
∏
i∈I
∏vi
j=1
ϑ(u−z
(i)
j
+(cki)
~
2
)
ϑ(u−z
(i)
j
−(cki)
~
2
)
. If we keep the formula in [YZ14, YZ16], we
only need to switch X+(u, λ) with X−(u, λ) in the current paper. The formula (16) is compatible with the convention in [Nak01]. In
[Nak01], X+(u, λ) is the lowering operator, see also (38).
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EQ5: For each i , j ∈ I and λ1, λ2 ∈ h
∗, we have
[X+i (u, λ1),X
−
j (v, λ2)] = 0.
For i = j ∈ I, we have the following relation on a weight space Vµ, if (λ1 + λ2, αi) = ~(µ, αi).
ϑ(~)[X+i (u, λ1),X
−
i (v, λ2)] =
ϑ(u − v + λ1,i)
ϑ(u − v)ϑ(λ1,i)
Φi(v) +
ϑ(u − v − λ2,i)
ϑ(u − v)ϑ(λ2,i)
Φi(u),
where λs,i = (λs, αi), for s = 1, 2.
Remark 6.2. Gautam-Toledano Laredo in [GTL17] studied the category of finite dimensional representa-
tions of the elliptic quantum group. The above commutation relations was used in loc. cit. in defining a
representation category of the elliptic Drinfeld currents. In a work in progress of Gautam, it is shown that
the algebra defined using the elliptic R-matrix of Felder also satisfies that same commutation relations.
Motivated by this theorem, we define D(SHsph) to be the elliptic quantum group, and D(SH sph) the
sheafified elliptic quantum group.
6.2. Commuting relations of the Drinfeld currents. In this section, we prove Theorem 6.1. We break
down the proof into Propositions 6.3, 6.6, and 6.8, which will be proven below.
6.2.1. The relations of X+
k
(u, λ).
Proposition 6.3. The series {X+
k
(u, λ)}k∈I satisfy the relation (EQ4) of the elliptic quantum group.
Proof. Proposition 6.3 can be proved using the product formula (8) of the algebra SH. For λ = {λi}i∈I , we
have (λ, αi) = λi. By assumption, we have l = (λ, αi) = (λ, α j), and a =
ci j
2
~. Then, by definition,
X+i (u, λ +
~
2
α j) = g(λ+ ~
2
α j ,αi)
(u + zi) = gl+a(u + zi) =
ϑ(u + zi + l + a)
ϑ(u + zi)ϑ(l + a)
We first consider the case when i , j. For simplicity, we write a = −ci j. Let S be the set {a, a − 2, a −
4, . . . ,−a + 4,−a + 2}. By the multiplication formula (8) of SHei ⊗ SHe j → SHei+e j , we have
X+i (u, λ) ∗ X
+
j (v, ζ) = −gλi (u + zi)gζ j (v + z j)
∏
m∈S
ϑ(z j − zi + m
~
2
).
Therefore, the left hand side of the relation (EQ4) becomes(
− ϑ(2l)ϑ(u − v − a)
ϑ(u + zi + l + a)
ϑ(u + zi)ϑ(l + a)
·
ϑ(v + z j + l − a)
ϑ(v + z j)ϑ(l − a)
+ ϑ(u − v − l)
ϑ(u + zi + l + a)
ϑ(u + zi)
·
ϑ(u + z j + 2l − a)
ϑ(u + z j + l)ϑ(l − a)
+ ϑ(u − v + l)
ϑ(v + zi + 2l + a)
ϑ(v + zi + l)ϑ(l + a)
·
ϑ(v + z j + l − a)
ϑ(v + z j)
)
·
∏
m∈S
ϑ(z j − zi + m
~
2
)(17)
Similarly, by the multiplication formula (8) of SHe j ⊗ SHei → SHei+e j , we have
X+j (v, ζ) ∗ X
+
i (u, λ) =(−1)
a+1gζ j (z j − v)gλi (zi − u)
∏
m∈S
ϑ(zi − z j + m
~
2
)
= − gζ j (z j − v)gλi (zi − u)
∏
m∈S
ϑ(z j − zi − m
~
2
)
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Plugging the above into (EQ4), the right hand side of (EQ4) becomes
(
− ϑ(2l)ϑ(u − v + a)
ϑ(v + z j + l + a)
ϑ(v + z j)ϑ(l + a)
ϑ(u + zi + l − a)
ϑ(u + zi)ϑ(l − a)
+ ϑ(u − v − l)
ϑ(u + z j + 2l + a)
ϑ(u + z j + l)ϑ(l + a)
ϑ(u + zi + l − a)
ϑ(u + zi)
+ ϑ(u − v + l)
ϑ(v + z j + l + a)
ϑ(v + z j)
ϑ(v + zi + 2l − a)
ϑ(v + zi + l)ϑ(l − a)
)
·
∏
m∈S
ϑ(z j − zi − m
~
2
)(18)
In order to show (17) = (18), we could cancel the common factor
∏
m∈S \{a} ϑ(z j − zi +m
~
2
) =
∏
m∈S \{a} ϑ(z j −
zi − m
~
2
) and then divide both sides by 1ϑ(2l)ϑ(u−v) . Therefore, it suffices to show the following equality.(
ϑ(u − v − a)
ϑ(u − v)
ϑ(u + zi + l + a)
ϑ(u + zi)ϑ(l + a)
·
ϑ(v + z j + l − a)
ϑ(v + z j)ϑ(l − a)
−
ϑ(u − v − l)
ϑ(u − v)ϑ(2l)
ϑ(u + zi + l + a)
ϑ(u + zi)
·
ϑ(u + z j + 2l − a)
ϑ(u + z j + l)ϑ(l − a)
−
ϑ(u − v + l)
ϑ(u − v)ϑ(2l)
ϑ(v + zi + 2l + a)
ϑ(v + zi + l)ϑ(l + a)
·
ϑ(v + z j + l − a)
ϑ(v + z j)
)
· ϑ(zi − z j + a)
=
(
ϑ(u − v + a)
ϑ(u − v)
ϑ(v + z j + l + a)
ϑ(v + z j)ϑ(l + a)
ϑ(u + zi + l − a)
ϑ(u + zi)ϑ(l − a)
(19)
−
ϑ(u − v − l)
ϑ(u − v)ϑ(2l)
ϑ(u + z j + 2l + a)
ϑ(u + z j + l)ϑ(l + a)
ϑ(u + zi + l − a)
ϑ(u + zi)
−
ϑ(u − v + l)
ϑ(u − v)ϑ(2l)
ϑ(v + z j + l + a)
ϑ(v + z j)
ϑ(v + zi + 2l − a)
ϑ(v + zi + l)ϑ(l − a)
)
· (ϑ(zi − z j − a))
We now show the equality (19) using the following Lemmas. 
The following lemma is well-known.
Lemma 6.4. Assume
∑4
i=1 xi =
∑4
i=1 yi. Then, we have the following identity of Theta function
ϑ(y1 − x1)ϑ(y1 − x2)ϑ(y1 − x3)ϑ(y1 − x4)
ϑ(y1 − y2)ϑ(y1 − y3)ϑ(y1 − y4)
+
ϑ(y2 − x1)ϑ(y2 − x2)ϑ(y2 − x3)ϑ(y2 − x4)
ϑ(y2 − y1)ϑ(y2 − y3)ϑ(y2 − y4)
+
ϑ(y3 − x1)ϑ(y3 − x2)ϑ(y3 − x3)ϑ(y3 − x4)
ϑ(y3 − y1)ϑ(y3 − y2)ϑ(y3 − y4)
+
ϑ(y4 − x1)ϑ(y4 − x2)ϑ(y4 − x3)ϑ(y4 − x4)
ϑ(y4 − y1)ϑ(y4 − y2)ϑ(y4 − y3)
= 0.
Proof. Define a function f (z) :=
ϑ(z−x1)ϑ(z−x2)ϑ(z−x3)ϑ(z−x4)
ϑ(z−y1)ϑ(z−y2)ϑ(z−y3)ϑ(z−y4)
. It is easy to check that, under the assumption∑4
i=1 xi =
∑4
i=1 yi, f (z) is an elliptic function. The desired identity follows from the residue theorem∑4
i=1 Resz=yi f (z) = 0. 
Write the left hand side of (19) by I(~)ϑ(zl−zk+~). Then, the right hand side of (19) is I(−~)ϑ(zl−zk−~).
Lemma 6.5. [GTL17, §6.7] We have the equality I(~)ϑ(zl − zk + ~) = I(−~)ϑ(zl − zk − ~).
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Proof. For the convenient of the reader, we include a proof. This identity follows essentially from Lemma
6.4. Write I(~) as I(~) = T1 − T2 − T3, where
T1(~) =
ϑ(u − v − ~)ϑ(u − a + λ + ~)ϑ(v − b + λ − ~)
ϑ(u − v)ϑ(u − a)ϑ(v − b)ϑ(λ + ~)ϑ(λ − ~)
,
T2(~) =
ϑ(u − v − λ)ϑ(λ + ~)ϑ(u − a + λ + ~)ϑ(u − b + 2λ − ~)
ϑ(u − v)ϑ(2λ)ϑ(u − a)ϑ(v − b + λ)ϑ(λ + ~)ϑ(λ − ~)
,
T3(~) =
ϑ(u − v + λ)ϑ(λ − ~)ϑ(v − a + 2λ + ~)ϑ(v − b + λ − ~)
ϑ(u − v)ϑ(2λ)ϑ(v − a + λ)ϑ(v − b)ϑ(λ + ~)ϑ(λ − ~)
.
Applying the identity in Lemma 6.4 to the three terms, we have
ϑ(a − b + ~)T1(~) − ϑ(a − b − ~)T1(−~) =
ϑ(u − v − a + b)ϑ(u − b + λ)ϑ(v − a + λ)ϑ(2~)
ϑ(u − v)ϑ(u − a)ϑ(v − b)ϑ(λ + ~)ϑ(λ − ~)
,
ϑ(a − b + ~)T2(~) − ϑ(a − b − ~)T2(−~) =
ϑ(u − v − λ)ϑ(u − b + λ)ϑ(u − a + 2λ)ϑ(a − b + λ)ϑ(2~)
ϑ(u − v)ϑ(u − a)ϑ(v − b)ϑ(λ + ~)ϑ(λ − ~)
,
ϑ(a − b + ~)T3(~) − ϑ(a − b − ~)T3(−~) = −
ϑ(u − v + λ)ϑ(v − a + λ)ϑ(v − b + 2λ)ϑ(a − b − λ)ϑ(2~)
ϑ(u − v)ϑ(u − a)ϑ(v − b)ϑ(λ + ~)ϑ(λ − ~)
.
Hence I(~)ϑ(a − b + ~) − I(−~)ϑ(a − b − ~) becomes
ϑ(2~)
ϑ(u − v)ϑ(u − a)ϑ(v − b)ϑ(λ + ~)ϑ(λ − ~)
(
ϑ(u − v − a + b)ϑ(u − b + λ)ϑ(v − a + λ)ϑ(2λ)
− ϑ(u − v − λ)ϑ(u − a + 2λ)ϑ(v − b)ϑ(a − b + λ) + ϑ(u − v + λ)ϑ(u − a)ϑ(v − b + 2λ)ϑ(a − b − λ)
)
.
The above expression is equal to zero by the identity in Lemma 6.4. 
6.2.2. Cartan subalgebra.
Proposition 6.6. The series {X+
i
(u, λ)}i∈I ,Φk(u) satisfy the relation (EQ3) of the elliptic quantum group.
Proof. Using the fact X+
j
(v, λ) =
ϑ(v+z j+λ j)
ϑ(v+z j)ϑ(λ j)
, the left hand side of (EQ3) is
ϑ(v + z j + λ j)
ϑ(v + z j)ϑ(λ j)
·
ϑ(u + z j + (ci j)
~
2
)
ϑ(u + z j − (ci j)
~
2
)
=
ϑ(v + z j + λ j)
ϑ(v + z j)ϑ(λ j)
·
ϑ(u + z j + a)
ϑ(u + z j − a)
, where a =
ci j
2
~.
The right hand side of (EQ3) is
ϑ(u − v + a)
ϑ(u − v − a)
ϑ(v + z j + λ j + 2a)
ϑ(v + z j)ϑ(λ j + 2a)
+
ϑ(2a)ϑ(u − v − a − λ j)
ϑ(λ j)ϑ(u − v − a)
ϑ(u + z j + λ j + a)
ϑ(u + z j − a)ϑ(λ j + 2a)
Therefore, it suffices to show
ϑ(v + z j + λ j)
ϑ(v + z j)ϑ(λ j)
·
ϑ(u + z j + a)
ϑ(u + z j − a)
−
ϑ(u − v + a)
ϑ(u − v − a)
ϑ(v + z j + λ j + 2a)
ϑ(v + z j)ϑ(λ j + 2a)
−
ϑ(2a)ϑ(u − v − a − λ j)
ϑ(λ j)ϑ(u − v − a)
ϑ(u + z j + λ j + a)
ϑ(u + z j − a)ϑ(λ j + 2a)
= 0
Multiply both sides by ϑ(λ j + 2a)ϑ(λ j), we need to show the vanishing of the following.
ϑ(v + z j + λ j)ϑ(u + z j + a)ϑ(λ j + 2a)
ϑ(v + z j)ϑ(u + z j − a)
−
ϑ(u − v + a)ϑ(v + z j + λ j + 2a)ϑ(λ j)
ϑ(u − v − a)ϑ(v + z j)
−
ϑ(2a)ϑ(u − v − a − λ j)ϑ(u + z j + λ j + a)
ϑ(u − v − a)ϑ(u + z j − a)
= 0.(20)
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We now make the following change of variables. Let
x1 − x2 = v + z j, x2 − x3 = −(−u + v + a), x1 − x3 = u + z j − a
x1 − y1 = v + z j + λ, x1 − y2 = u + z j + a, x1 − y3 = −λ − 2a
Clearly, we have
∑3
i=1 xi =
∑3
i=1 yi. Plugging the change of variable into (20), the desired equality becomes
ϑ(x1 − y1)ϑ(x1 − y2)ϑ(x1 − y3)
ϑ(x1 − x2)ϑ(x1 − x3)
+
ϑ(x2 − y1)ϑ(x2 − y2)ϑ(x2 − y3)
ϑ(x2 − x1)ϑ(x2 − x3)
+
ϑ(x3 − y1)ϑ(x3 − y2)ϑ(x3 − y3)
ϑ(x3 − x1)ϑ(x3 − x2)
= 0.
This follows from a similar identity as in Lemma 6.4. This completes the proof. 
6.2.3. The Drinfeld double. Recall that for a bialgebra (A, ⋆,∆) with multiplication ⋆, and coproduct ∆, the
Drinfeld double of the bialgebra A is DA = A ⊗ Acoop as a vector space endowed with a suitable multiplica-
tion. Here Acoop is A as an algebra but with the opposite comultiplication. If dim(A) is infinite, in order to
define DA as a bialgebra, we need a non-degenerate bialgebra pairing (·, ·) : A ⊗ A → R, i.e., an R-bilinear
non-degenerate pairing such that
(a ⋆ b, c) = (a ⊗ b,∆(c)) and (c, a ⋆ b) = (∆(c), a ⊗ b) for all a, b, c ∈ A.
For a bialgebra (A, ⋆,∆) together with a non-degenerate bialgebra pairing (·, ·), the bialgebra structure of
DA = A− ⊗ A+, still denoted by (⋆,∆), is uniquely determined by the following two properties (see, e.g.,
[DJX12, § 2.4]).
(1) A− = Acoop ⊗ 1 and A+ = 1 ⊗ A are both sub-bialgebras of DA.
(2) For any a, b ∈ A, write a− = a ⊗ 1 ∈ A− and b+ = 1 ⊗ b ∈ A+. Then
(21)
∑
a−1 ⋆ b
+
2 · (a2, b1) =
∑
b+1 ⋆ a
−
2 · (b2, a1), for all a, b ∈ A,
where we follow Sweedler’s notation and write ∆(a−) =
∑
a−
1
⊗ a−
2
, ∆(b+) =
∑
b+
1
⊗ b+
2
.
We now take A to be SHsph ⊗ SH0. Recall that the reduced Drinfeld double
D(SHsph) = SHsph ⊗ SH0 ⊗ SHsph,coop
is the Drinfeld double (SHsph ⊗ SH0) ⊗ (SH0 ⊗ SHsph)coop with the following additional relation imposed:
For Φ+
k
(u) ∈ SH0, and Φ−
k
(−u) ∈ SH0,coop, we have Φ+
k
(u) = Φ−
k
(−u), for any k ∈ I.
The series X−
k
(u, λ) ∈ SHcoop[[u]], by definiton, corresponds to the series −X+
k
(−u,−λ) in SH[[u]].
By Proposition 6.3 and 6.6, we have the following.
Proposition 6.7. The series {X−
i
(u, λ)}i∈I ,Φk(u) satisfy the relations (EQ3) and (EQ4).
We now prove the cross relation between X+
i
(u, λ)}i∈I , and X
−
i
(u, λ)}i∈I .
Proposition 6.8. The series {X±
i
(u, λ)}i∈I ,Φk(u) satisfy the relations (EQ5) of the elliptic quantum group.
Proof. Let k, l ∈ I, such that k , l. The relation [X+
k
(u, λ1),X
−
l
(v, λ2)] = 0 follows from the relation (21)
with a = X−
l
(v, λ2), b = X
+
k
(u, λ1), and (X
+
k
(u, λ1),X
−
l
(v, λ2)) = 0.
We consider the case when k = l. In SHext = SH ⊗ SH0, we have ∆(X+
k
(u, λ1)) = Φk(x
(k)) ⊗ X+
k
(u, λ1) +
X+
k
(u, λ1) ⊗ 1 by (9). We use the relation (21) with a = X
−
k
(u, λ), b = X+
k
(v, λ) and the fact
(X+k (u, λ),Φl(x)) = 0, (1,X
+
k (u, λ)) = 0.
It gives the following relation in SHext,coop ⊗ SHext:
Φ
−
k (x
(k)) ⋆ 1(X−k (u, λ),X
+
k (v, λ)) + X
−
k (u, λ) ⋆ X
+
k (v, λ)(1,Φk(x
(k)))
=X+k (v, λ) ⋆ X
−
k (u, λ)(1,Φk(x
(k))) + Φ+k (x
(k)) ⋆ 1(X+k (v, λ),X
−
k (u, λ)).
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Using the equality X+
k
(u, λ) = ϑ(u+z
(k)
+λk)
ϑ(u+z(k))ϑ(λk)
, we have
[X−k (u, λ2),X
+
k (v, λ1)]
=Φ
+
k (z
(k))(X+k (v, λ1),X
−
k (u, λ2)) − Φ
−
k (z
(k))(X−k (u, λ2),X
+
k (v, λ1))
=Φ
+
k (z
(k))
(
ϑ(v + z(k) + λ1,k)
ϑ(v + z(k))ϑ(λ1,k)
,
ϑ(−u + z(k) − λ2,k)
ϑ(−u + z(k))ϑ(λ2,k)
)
− Φ−k (z
(k))
(
ϑ(−u + z(k) − λ2,k)
ϑ(−u + z(k))ϑ(λ2,k)
,
ϑ(v + z(k) + λ1,k)
ϑ(v + z(k))ϑ(λ1,k)
)
=
∑
z∈E
Resz(k)=zΦ
+
k (z
(k))
ϑ(v + z(k) + λ1,k)
ϑ(v + z(k))ϑ(λ1,k)
·
ϑ(−u − z(k) − λ2,k)
ϑ(−u − z(k))ϑ(λ2,k)
dz(k)
−
∑
z∈E
Resz(k)=zΦ
−
k (z
(k))
ϑ(−u + z(k) − λ2,k)
ϑ(−u + z(k))ϑ(λ2,k)
·
ϑ(v − z(k) + λ1,k)
ϑ(v − z(k))ϑ(λ1,k)
dz(k)
=Φ
+
k (−u)
ϑ(v − u + λ1,k)
ϑ(v − u)ϑ(λ1,k)
− Φ+k (−v)
ϑ(u − v + λ2,k)
ϑ(u − v)ϑ(λ2,k)
+ Φ
−
k (u)
ϑ(u − v − λ1,k)
ϑ(u − v)ϑ(λ1,k)
− Φ−k (v)
ϑ(−u + v − λ2,k)
ϑ(−u + v)ϑ(λ2,k)
=Φ
+
k (−u)
ϑ(u − v − λ1,k)
ϑ(u − v)ϑ(λ1,k)
− Φ+k (−v)
ϑ(u − v + λ2,k)
ϑ(u − v)ϑ(λ2,k)
+ Φ
−
k (u)
ϑ(u − v − λ1,k)
ϑ(u − v)ϑ(λ1,k)
− Φ−k (v)
ϑ(u − v + λ2,k)
ϑ(u − v)ϑ(λ2,k)
=Φk(u)
ϑ(u − v − λ1,k)
ϑ(u − v)ϑ(λ1,k)
− Φk(v)
ϑ(u − v + λ2,k)
ϑ(u − v)ϑ(λ2,k)
,
where Φk(u) := ϑ(~)Φ
+
k
(u) + ϑ(~)Φ−
k
(−u).
This completes the proof. 
6.3. The Manin pair. As before in §5.2, let E be the elliptic curve overM1,2. The algebra SH
sph
⋊ SH0 is
the quantization of the Manin pair coming from the elliptic curve in the sense of Drinfeld [Dr89].
More precisely, let g = n+⊕h⊕n− be the Kac-Moody Lie algebra associated to quiver Q. Let Lλ be the set
of rational sections of Lλ regular away from the origin. Then, the Drinfeld double SH
sph ⊗ SH0 ⊗ SHsph,coop
quantizes the sum
(n+ ⊗ Lλ) ⊕ (h ⊗ L0) ⊕ (n
− ⊗ L−λ).
7. Preliminaries on equivariant elliptic cohomology
In this section, we briefly review the equivariant elliptic cohomology theory. The details can be found in
[AO16, Lur09, GKV95, ZZ15].
7.1. Elliptic cohomology valued in a line bundle. Let G be an algebraic reductive group with a maximal
torus T . Let X be a smooth quasi-projective variety endowed with an action of G. For an elliptic curve E
over the base scheme S . Recall that AG is the moduli scheme of semistable principal G-bundles over E. It
is canonically isomorphic to the variety E ⊗ X(T )/W . The G-equivariant elliptic cohomology EllG(X) of X
is a quasi-coherent sheaf of OAG-modules, satisfying certain axioms. In particular, for smooth morphisms,
we have pullback in elliptic cohomology, and for proper morphisms, we have pushforward in elliptic coho-
mology theory.
Let det : G → Z be the universal character of G. In other words, denote by X(G) = Hom(G,Gm) the
character lattice of G. We have a canonical isomorphism of abelian algebraic groups Z  Hom(X(G),Gm),
and the map det is isomorphic to the tautological map G → Hom(X(G),Gm). For example, when G =∏n
i=1 GLvi for a sequence of positive integers (v
1, . . . , vn), we have Z = Gm
n. The universal character
det :
∏n
i=1 GLvi → Z sends (g1, . . . , gn) to (det(g1), . . . , det(gn)).
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The map det induces the following map of varieties Adet : AG → AZ . Consider the following maps
p1 : AG × A
∨
Z
→ AG , and det× id : AG × A
∨
Z
→ AZ × A
∨
Z
. Let L be the universal line bundle on AZ ×S A
∨
Z
.
For any finite G-variety X, the elliptic cohomology of X valued in the line bundle L is defined to be
EllλG(X) := p
∗
1 EllG(X) ⊗ ((Adet × id)
∗
L),
as a sheaf on AG × A
∨
Z
. Identifying AZ with A
∨
Z
, we will also consider EllλG(X) as a sheaf on AG × AZ .
We have the following examples.
Example 7.1. In the case when Q is the quiver of sl2, which has one vertex and no arrows, the line bundle L
has a simple description. The open subsetM1,2×M1,1 M1,2 ofM1,2 can be considered as an elliptic curve on
M1,2 via the second projection. The zero-section of this elliptic curve is given byM1,2 →M1,2 ×M1,1 M1,2,
z 7→ (0, z). OnM1,2 ×M1,1 M1,2, there is a universal Poincare line bundle L, endowed with a natural section
s that vanishes on the zero-section of each M1,2-factor. Let τ be the coordinate ofM1,1, and let z, λ be the
fiber-wise coordinates of the two copies ofM1,2 respectively. Then, s can be expressed as the function
(22) gλ(z; τ) :=
ϑ(z; τ)ϑ(λ; τ)
ϑ(z + λ; τ)
,
where ϑ(z; τ) is the Jacobi-theta function defined in Example 1.1. The elliptic cohomology associated to this
local parameter was studied in [T00, BL05, Ch10]. It is well-known that this elliptic cohomology theory
has coefficients in the ring of Jacobi forms.
Example 7.2. Let E →M1,2 be the universal elliptic curve, and G =
∏
i∈I GLvi . Then, we have A
∨
Z
= Eλ =∏
i∈I,M1,1 M1,2, and AG × A
∨
Z
= E(v)
′
=
∏
i∈I(E
(vi) ×M1,1 M1,2) from §5.2.
7.2. Thom bundle. Let X be a G-variety, and V → X an equivariant G-vector bundle. Let Th(V) be the
Thom space of V . Recall that Th(V) is the quotient of disk bundle P(V⊕C) by the sphere bundle P(V). Denote
ΘG(V) := EllG(Th(V)) the equivariant elliptic cohomology of Th(V). Such an assignment V 7→ ΘG(V) can
be extended to the Grothendieck group of X. That is, we have an abelian group homomorphism (see [ZZ15])
ΘG : K
0(X)→ Pic(EllG(X)),
where Pic(EllG(X)) is the abelian group of rank 1 locally free modules over EllG(X).
For any morphism g : X′ → X between smooth G-varieties, denote by Θ(g) ∈ Pic(EllG(X)) the image of
the virtual vector bundle g∗TX −TX′ on X′ under ΘG. Note that when g is a closed embedding, g
∗TX −TX′
is the normal bundle of the embedding.
7.3. Refined pullback in elliptic cohomology. For a closed embedding iY : Y ֒→ X, let UY be an open
neighborhood of Y in X which contracts to Y . The Thom space, denoted by ThY (X), of the embedding Y ֒→
X is by definition ThY(X) = X/(X\UY ). When Y is singular, we define the equivariant elliptic cohomology
of Y to be EllG(Y) := EllG(ThY(X)). When Y is a smooth variety, and the embedding iY : Y ֒→ X is a regular
embedding, we then have EllG(ThY(X)) = Θ(iY ).
Let Y and Y ′ are two singular varieties. Assume there are two closed embeddings iY : Y ֒→ X and
iY′ : Y
′ ֒→ X′, such that X and X′ are smooth. The reductive group G acts on those varieties, and the actions
are compatible with the embeddings iY , iY′ . Assume furthermore, we have the following Cartesian diagram
of G-varieties.
(23) Y ′
  iY′ //
f

X′
g

Y
  iY // X
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In diagram (23), g : X′ → X is a smooth morphism between two smooth varieties. The pullback g∗ :
EllG(X)→ EllG(X
′) is well-defined. We define the pullback f ♯ : EllG(Y
′)→ EllG(Y) in diagram (23) as the
pullback on Thom spaces
f ♯ := Th(g)∗ : EllG(ThY(X))→ EllG(ThY′(X
′)),
where Th(g) : ThY′ X
′ → ThY X is the map induced from g, using the following diagram
X′\UY′ //
g

X′
g

π′ // ThY′ X
′
Th(g)

X\UY // X
π // ThY X
By definition, we have the following commutative diagram with all maps given by pullback.
(24) EllG(ThY X)
π∗ //
f ♯ 
EllG(X)
g∗
EllG(ThY′ X
′)
π′∗ // EllG(X
′)
7.4. Pushforward in elliptic cohomology. The pushforward in equivariant elliptic cohomology theory is
delicate. It involves a twist coming from the Thom bundle.
For any morphism g : X′ → X between smoothG-varieties, there is a well defined pushforward (see, e.g.,
[GKV95]) g∗ : Θ(g)→ EllG(X).
For the singular case, the setup is the same as in diagram (23). Recall in [GKV95, 2.5.2], Θ( f ) := Θ(iY′)⊗
Hom( f ∗Θ(iY), i
∗
Y′
Θ(g)). We have the well-defined pushforward map f∗ : Θ( f ) → EllG(Y). Equivalently,
let g∗ : Θ(g) ⊗ EllG(X
′) → EllG(X) be the pushforward. By restriction on the open subsets, we have
g∗ : Θ(g) ⊗EllG(X′) EllG(X
′ \ UY′)→ EllG(X \ UY). It induces the following map
Θ(g) ⊗EllG(X′) EllG(ThY′(X
′))→ EllG(ThY(X)),
which is equivalent to f∗.
7.5. Characteristic classes. For a G-equivariant virtual vector bundle V on X, the Euler class, denoted by
e(V), is a natural rational section of Θ(V)∨. When V is a vector bundle and i : X → V is the zero-section,
then the map i∗ : Θ(i) = Θ(V)→ EllG(V)  EllG(X) is given by e(V).
For any G-equivariant virtual vector bundle V on X, we define the total Chern polynomial of V , denoted
by λz(V), to be the function on E × AG which is e(k
−1V) where k is the natural representation of Gm and E
is the AGm with coordinate on it denoted by z.
For any rational section s of a line bundle L on E, there is a notion of s-Chern classes introduced in
[GKV95] and recalled in detail in [ZZ15, § 3.4].
Example 7.3. Let EllλG be as in § 7.1 and the function gλ(z) be as in Example 7.1. Let O(1) → P
1 be
the tautological line bundle on P1. Let π : E → E/S2 be the projection. Then, we have an isomorphism
EllλSL2(P
1) = π∗(L). The first gλ-Chern class of O(1) is
cλ1(O(1)) = gλ(z) =
ϑ(z + λ)
ϑ(z)ϑ(λ)
,
which is a section of L.
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7.6. Lagrangian correspondence formalism. We recall the Lagrangian correspondence formalism fol-
lowing the exposition in [SV12].
Let X be a smooth quasi-projective variety endowed with an action of a reductive algebraic group G.
The cotangent bundle T ∗X is a symplectic variety, with an induced Hamiltonian G-action. Let µ : T ∗X →
(LieG)∗ be the moment map. Denote T ∗
G
X := µ−1(0) ⊆ T ∗X.
Let P ⊂ G be a parabolic subgroup and L ⊂ P be a Levi subgroup. Let Y be a smooth quasi-projective
variety equipped an action of L, and X′ smooth quasi-projective with a G-action. Let V ⊆ Y × X′ be a
smooth subvariety. We have the two projection Y V
pr1oo pr2 // X′ . Assume the first projection pr1 is a
vector bundle, and the second projection pr2 is a closed embedding.
Let X := G ×P Y be the twisted product. Set W := G ×P V and consider the following maps
X W
f1oo f2 // X′ , f1 : [(g, v)] 7→ [(g, pr1(v))], f2 : [(g, v)] 7→ g pr2(v),
where [(g, v)] is the pair (g, v) mod P. Note that the natural map T ∗X → G ×P T
∗Y is a vector bundle.
Let Z := T ∗
W
(X × X′) be the conormal bundle of W in X × X′. Let ZG ⊆ T
∗
G
X × T ∗
G
X′ be the intersection
Z ∩ (T ∗
G
X × T ∗
G
X′). Then we have the following diagram.
G ×P T
∗
L
Y
 //
 _

T ∗
G
X
 _

ZG
φoo ψ //
 _

T ∗
G
X′
 _

G ×P T
∗Y
  ι // T ∗X Z
φoo ψ // T ∗X′
where φ : Z → T ∗X and ψ : Z → T ∗X′ are respectively the first and second projections of T ∗X × T ∗X′
restricted to Z. The map ι : G ×P T
∗Y ֒→ T ∗X is the zero-section of the vector bundle T ∗X → G ×P T
∗Y .
The following lemma is proved in [SV12].
Lemma 7.4. [SV12]
(1) There is an isomorphism G ×P T
∗
L
Y  T ∗
G
X such that the above diagram commutes.
(2) The morphism ψ : Z → T ∗X′ is proper. We have ψ−1(T ∗
G
X′) = ZG and φ
−1(T ∗
G
X) = ZG.
8. The elliptic cohomological Hall algebra
In this section, we define the elliptic cohomological Hall algebra (CoHA) as an algebra object in the
category C. As in §3, the elliptic CoHA is the positive part of the sheafified elliptic quantum group.
8.1. The geometric meaning of the elliptic shuffle algebra. In this section, we give a geometric interpre-
tation of the elliptic shuffle algebra SH in §3.
We first fix the notations. As before, let Q = (I,H) be a quiver, and let v, v1, v2 ∈ N
I be dimension
vectors such that v = v1 + v2. Fix an I-tuple of vector spaces V = {V
i}i∈I of Q such that dim(V) = v. The
representation space of Q with dimension vector v is denoted by Rep(Q, v). That is,
Rep(Q, v) :=
⊕
h∈H
Homk(V
out(h),V in(h)).
Fix an I-tuple of subvector spaces V1 ⊂ V such that dim(V1) = v1.
In the Lagrangian correspondence formalism in Section §7.6, we take Y to be Rep(Q, v1) × Rep(Q, v2),
X′ to be Rep(Q, v1 + v2), and
(25) V := {x ∈ Rep(Q, v) | x(V1) ⊂ V1} ⊂ Rep(Q, v).
We write G := Gv =
∏
i∈I GLvi , and P ⊂ Gv, the parabolic subgroup preserving the subspace V1. Let
L := Gv1 × Gv2 be the Levi subgroup of P. The group G acts on the cotangent space T
∗ Rep(Q, v) via
conjugation
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As in §7.6, we have the following Lagrangian correspondence of G × T -varieties:
(26) G ×P T
∗Y
  ι // T ∗X Z
φoo ψ // T ∗ Rep(Q, v),
where the torus T = Gm
2 acts on the symplectic varieties with the first Gm factor scaling the base, and the
second one scaling the fiber of the symplectic varieties. We assume the weights of this T -action satisfies
Assumption 2.1.
Following the Lagrangian correspondence (26), we have the following three maps:
ι∗ : Θ(ι)→ EllG(T
∗X), φ∗ : EllG(T
∗X)→ EllG(Z), ψ∗ : Θ(ψ)→ EllG(T
∗X′).
By [YZ14, Lemma 5.1], we have Z = G ×P V, and T
∗X = G ×P Y˜, for some variety Y˜, with
Y˜ = {(c, x, x∗) | c ∈ pv, x ∈ Rep(Q, v1) × Rep(Q, v2), x
∗ ∈ Rep(Qop, v1) × Rep(Q
op, v2), [x, x
∗] = pr(c)}.
Let Sv1,v2 : E
(v1) × E(v2) → E(v1+v2) be the symmetrization map. We then have the following equalities.
EllP(T
∗Y) = OE(v1)×E(v2) , EllG(G ×P T
∗Y) = Sv1 ,v2,∗OE(v1)×E(v2)
EllG(T
∗X) = Sv1,v2,∗(EllP Y˜), EllG(Z) = Sv1,v2,∗(EllP(V)).
Θ(ι) = Sv1 ,v2,∗(L
ι), Θ(ψ) = Sv1,v2 ,∗(L
ψ).
We will abuse of notation and still denote the embedding Y ֒→ Y˜ by ι. Then, Lι is the line bundle EllP(N(ι))
on E(v1) × E(v2), where N(ι) is the normal bundle of ι : Y ֒→ Y˜, and N(ι)  T ∗G/P .
The symmetrization map Sv1,v2 is a finite map. Hence, there is a one to one correspondence between
the category of coherent sheaves on E(v1) × E(v2) and the category of Sv1,v2,∗(OE(v1)×E(v2))–modules, via F 7→
Sv1,v2,∗F . Using this correspondence, the composition φ
∗◦ι∗ is the same as Sv1,v2,∗ applied to the composition
of sheaves on E(v1) × E(v2):
(27) EllP(T
∗Y) ⊗ Lι → EllP(Y˜)→ EllP(V).
Tensoring the composition (27) with Lψ, applying the functor Sv1,v2 , and then composing with ψ∗, we have
(28) ψ∗ ◦ φ
∗ : S∗(EllP(T
∗Y) ⊗ Lι ⊗ Lψ)→ S∗(EllP(V) ⊗ L
ψ) = Θ(ψ)→ EllG(T
∗X′).
Recall that EllGv×G2m(T
∗ Rep(Q, v)) is a sheaf over E(v) × E2, for any v ∈ NI . Using the tensor structure
⊗t1,t2 defined in (5), and the fact L
ι ⊗ Lψ = Lfacv1 ,v2 , the composition (28) gives the map
(29) EllGv1 (T
∗ Rep(Q, v1)) ⊗t1 ,t2 EllGv2 (T
∗ Rep(Q, v2))→ EllGv(T
∗ Rep(Q, v)), v = v1 + v2.
The associativity of (29) follows from the same argument as in the proof of [YZ14, Proposition 3.3].
Proposition 8.1. Under the isomorphism EllGv(T
∗ Rep(Q, v))  OE(v) , the map (29) is the same as ⋆ in (8).
Proof. The claim follows from the proof of [YZ14, Proposition 3.4]. Roughly speaking, the pushforward of
ι : G ×P T
∗Y ֒→ T ∗X is giving by multiplication of
eιv1 ,v2 =
∏
i∈I
vi
1∏
s=1
vi
2∏
t=1
ϑ(zis − z
i
t+vi
1
+ t1 + t2),
where {zis − z
i
t+vi
1
+ t1 + t2} are the Chern roots of the equivariant normal bundle of ι, which is isomorphic to
T ∗G/P 
⊕
i∈I
(R(vi
1
) ⊗ R(vi
2
)∗) over the Grassmannian G/P.
Let EG be the total space of the universal bundle over BG. Then, as explained in the proof of [YZ14,
Proposition 3.4], the map ψ : EG ×G Z → EG ×G T
∗ Rep(Q, v) is the composition of ψ1 : EG ×G Z →
p∗T ∗ Rep(Q, v), and p′ : p∗T ∗ Rep(Q, v) → EG ×G T
∗ Rep(Q, v), where p : BL → BG is the map between
classifying spaces.
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The pushforward ψ1∗ is multiplication by fac2 (3). The map p
′ is a Grassmannian bundle, and conse-
quently p′∗ is given by a shuffle formula. Putting all the above together, the map (29) is given by exactly the
same formula as (8). 
8.2. The elliptic CoHA. Notations as before, let gv be the Lie algebra of Gv =
∏
i∈I GLvi . Let
µv : T
∗ Rep(Q, v)→ g∗v, (x, x
∗) 7→ [x, x∗]
be the moment map. Note that the closed subvariety µ−1v (0) ⊂ T
∗ Rep(Q, v) could be singular in general.
As before, we consider the Lagrangian correspondence formalism in Section §7.6, with the following
specializations: Take Y to be Rep(Q, v1) × Rep(Q, v2), X
′ to be Rep(Q, v) andV is the same as (25). Recall
in Section §7.6, we have the following correspondence of G × T -varieties:
(30) G ×P
(
µ−1v1 (0) × µ
−1
v2
(0)
)
 _

T ∗
G
X
 _

ZG
φoo ψ //
 _

µ−1v (0) _

G ×P T
∗Y
  ι // T ∗X Z
φoo ψ // T ∗ Rep(Q, v).
Definition 8.2. The elliptic CoHA of any semisimple Lie algebra gQ associated to Q is
PEll(Q) :=
⊕
v∈NI
EllGv(µ
−1
v (0)) =
⊕
v∈NI
EllGv
(
Thµ−1v (0)(T
∗ Rep(Q, v))
)
.
More precisely, it consists:
• A system of coherent sheaves of OE(v)-modules PEll,v := EllGv(µ
−1
v (0)), for v ∈ N
I .
• For any v1, v2 ∈ N
I , with v = v1 + v2, an OE(v)-module homomorphism
(31) (Sv1,v2)∗
(
EllGv1 (µ
−1
v1
(0)) ⊠ EllGv2 (µ
−1
v2
(0)) ⊗ Lv1 ,v2
)
→ EllGv1+v2 (µ
−1
v1+v2
(0)),
where Lv1 ,v2 is the same line bundle as in §2, and its the dual L
∨
v1 ,v2
has rational section
fac(z[1,v1]|z[v1+1,v1+v2]) = fac1 fac2 .
We describe the morphism (31) of sheaves on E(v1+v2) using the pullback φ
♯
and pushforward ψ∗ in
diagram (30).
Note the square with maps φ, φ is a Cartesian square. As described in §7.3, §7.4, we have the following
well-defined morphisms
φ
♯
: EllG(T
∗
GX)→ EllG(ZG), ψ∗ : EllG(ZG) ⊗ Θ(ψ)→ EllG(µ
−1
v (0)).
We have the following isomorphisms.
EllG(ThT ∗
G
X(T
∗X))  EllG(ThT ∗
G
X(G ×P T
∗Y)) ⊗ Θ(ι) = EllGv1×Gv2 (µ
−1
v1
(0) × µ−1v2 (0)) ⊗ Θ(ι)
This gives the composition
ψ∗ ◦ φ
♯
: EllGv1×Gv2 (µ
−1
v1
(0) × µ−1v2 (0)) ⊗ Θ(ι) ⊗ Θ(ψ)→ EllG(µ
−1
v (0)),
which is the morphism (31), since Θ(ι) ⊗ Θ(ψ) = Sv1,v2,∗(L
ι ⊗ Lψ) = Sv1,v2,∗(L
fac
v1 ,v2).
Theorem 8.3. The object (PEll, ⋆) is an algebra object in C.
Proof. It follows from the same argument as in [YZ14, Proposition 4.1]. 
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8.3. Relation with the elliptic shuffle algebra. Recall we have the functor Γrat of taking certain rational
section, and SH = Γrat(SH) is an algebra. Similarly, denote P := Γrat(P). Then, P is an associative algebra
by Theorem 8.3.
Theorem 8.4. There is an algebra homomorphism P → SH induced from the embedding iv : µ
−1
v (0) ֒→
T ∗ Rep(Q, v).
Proof. For any v ∈ NI , the pushforward (iv)∗ : EllG(µ
−1
v (0)) → EllG(T
∗ Rep(Q, v)) is by definition the
pullback p∗, where
p : T ∗ Rep(Q, v)→ Thµ−1v (0)(T
∗ Rep(Q, v)).
is the natural projection. The desired map is giving by the pushforward (iv)∗. 
Remark 8.5. The algebra homomorphism in Theorem 8.4 becomes an isomorphism after suitable localiza-
tion, see [YZ14, Remark 4.4]. Indeed, µ−1v (0) has only one T -fixed point. It follows from the Thomason
localization theorem [GKM98, Theorem 6.2], which in the present setting can be found in [Kr12], that iv∗
is an isomorphism when passing to a localization. This localization of R[[t1, t2, λ
i
s]]
Sv is at the prime ideal
generated by all the symmetric functions in λis without constant terms. For the power series ring, this is the
same as passing to R((t1, t2)).
The spherical subalgebra, denoted by Psph, is the subalgebra of P generated by Pek = Γrat(Pek ) as k
varies in I. Up to certain torsion elements, we have the isomorphism Psph  SHsph. As a result of Theorem
6.1, the Drinfeld double D(Psph) satisfies the commuting relations of elliptic quantum group of Felder and
Gautam-Toledano Laredo. Motivated by this result, we define the sheafified elliptic quantum group to be the
Drinfeld double of Psph, and its algebra of rational sections D(Psph) is the elliptic quantum group.
9. Representations of the sheafified elliptic quantum group
From now on we study the representations of the sheafified elliptic quantum groups. In this section, we
introduce a new category D, which is a module category over the monoidal category C in §2. We show that
the elliptic cohomology of Nakajima quiver varieties are objects in D, and furthermore they are modules of
the elliptic CoHA.
9.1. The category D. We first recall the general definition of a module category over a monoidal category.
Definition 9.1. A module category over a monoidal category C is a category M together with an exact
bifunctor ⊗ : C ⊗M→M and functorial associativity mX,Y,M and unit isomorphism lM :
mX,Y,M : (X ⊗ Y) ⊗ M → X ⊗ (Y ⊗ M), lM : 1 ⊗ M → M
for any X, Y ∈ C, M ∈ M, such that the following two diagrams commute.
((X ⊗ Y) ⊗ Z) ⊗ M
aX,Y,Z⊗id
ss❤❤❤❤❤
❤❤❤
❤ mX⊗Y,Z,M
++❱❱❱❱
❱❱❱
❱❱
(X ⊗ (Y ⊗ Z)) ⊗ M
mX,Y⊗Z,M 
(X ⊗ Y) ⊗ (Z ⊗ M)
mX,Y,Z⊗M
X ⊗ ((Y ⊗ Z) ⊗ M)
id⊗mY,Z,M // X ⊗ (Y ⊗ (Z ⊗ M))
and X ⊗ M
(X ⊗ 1) ⊗ M
mX,1,M //
rX⊗id
::✉✉✉✉✉✉✉✉✉
X ⊗ (1 ⊗ M)
id⊗lM
dd■■■■■■■■■
For simplicity, from now on we assume Q has no edge-loops. For any w ∈ NI , we define a category Dw.
Roughly speaking, an object ofDw is an integrable module with weights ≤ w.
Definition 9.2. An object in Dw is a quasi-coherent sheaf V on HE×I ×S E
(w). A morphism fromV toW
is a morphism of sheaves onHE×I ×S E
(w).
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We now define the tensor product ⊗+t1 ,t2 : C ⊗Dw → Dw. We have the following two morphisms
E(v2) ×S E
(w) E(v1) ×S E
(v2) ×S E
(w)
proo S // E(v1+v2) ×S E
(w)
Let F ∈ C, and G ∈ Dw, the tensor product F ⊗
+
t1,t2
G is defined as follows. We define the v-component of
F ⊗+t1,t2 G to be ∑
v1+v2=v
S∗
(
(Fv1 ⊠ Gv2 ,w) ⊗E(v1)×S E(v2)×S E(w) Lv1 ,v2
)
By definition, it is clear that F ⊗+t1,t2 G is an object inDw. Similarly, we also have ⊗
−
t1,t2
: Dw ⊗ C → Dw
To distinguish the tensor product in C and the two actions of C onDw, we write the former as ⊗
C and the
later two as ⊗+ and ⊗− whenever appropriate.
Lemma 9.3. We have the natural isomorphisms
(F ⊗C G) ⊗+V  F ⊗+ (G ⊗+ V), and V ⊗− (G ⊗C F )  (V ⊗− G) ⊗− F ,
for F ,G ∈ C andV ∈ Dw.
Proof. This follows from Lemma 2.4. 
Proposition 9.4. The category Dw is a module category over the monoidal category C.
Proof. This is a routine check, similar to the proof of Proposition 2.6. 
9.2. The elliptic cohomology of Nakajima quiver varieties. For a quiver Q, let Q♥ be the framed quiver,
whose set of vertices is I⊔I′, where I′ is another copy of the set I, equipped with the bijection I → I′, i 7→ i′.
The set of arrows of Q♥ is, by definition, the disjoint union of H and a set of additional edges ji : i → i
′,
one for each vertex i ∈ I. We follow the tradition that v ∈ NI is the notation for the dimension vector at I,
and w ∈ NI is the dimension vector at I′.
Let µv,w : T
∗ Rep(Q♥, v,w)→ gl∗v  glv be the moment map
µv,w : (x, x
∗, i, j) 7→
∑
[x, x∗] + i ◦ j ∈ glv.
Let χ : Gv → Gm be the character g = (gi)i∈I 7→
∏
i∈I det(gi)
−1. The set of χ-semistable points in
T ∗ Rep(Q♥, v,w) is denoted by Rep(Q♥, v,w)ss. The Nakajima quiver variety is defined to be the Hamil-
tonian reduction
M(v,w) := µ−1v,w(0)//χGv.
For each pair v,w ∈ NI, EllGv×Gw×G2m(µ
−1
v,w(0)
ss) is a sheaf on E(v) × E(w) × E2. Let π : E(v) × E(w) ×
E2 → E(w) × E2 be the natural projection. Since Gv acts on µ
−1
v,w(0)
ss freely, we have an isomorphism
EllGw×G2m(M(v,w))  π∗ EllGv×Gw×G2m(µ
−1
v,w(0)
ss). In this sense, we will consider EllGw×G2m(M(v,w)) as a co-
herent sheaf of algebras on E(v) × E(w) × E2. Therefore, EllGw×G2m(⊔v∈NIM(v,w)) is an object in Dw.
Proposition 9.5. The object EllGw×G2m(⊔v∈NIM(v,w)) has a natural structure as a right module over P.
Proof. Fix the framing w ∈ NI , we construct a map
(32) (S12 × idE2 )∗
(
EllGw×G2m(M(v1,w)) ⊠ Pv2 ⊗ Lv1 ,v2
)
→ EllGw×G2m(M(v1 + v2,w)),
where S12 : E
(v1) × E(v2) → E(v1+v2) is the symmetrization map. The map (32) gives the claimed action.
We start with the the Lagrangian correspondence formalism in § 7.6, specialized as follows: We take X′
to be Rep(Q♥, v,w) and Y to be Rep(Q♥, v1,w) × Rep(Q, v2). DefineV to be
V := {(x, j) ∈ Rep(Q♥, v1 + v2,w) | x(V1) ⊂ V1} ⊂ X
′.
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As in Section §7.6, set X := G ×P Y , W := G ×P V, and Z := T
∗
W
(X × X′) the conormal bundle of W . We
then have the correspondence, see [YZ14, Lemma 5.2]:
(33) T ∗
G
Xs
 _

Z s
G _

φoo ψ // µ−1v,w(0)
ss
 _

G ×P T
∗Y s
  ι // T ∗Xs Z s
φoo ψ // T ∗X′s.
Where the G-varieties are given by
T ∗GX
s
= G ×P (µ
−1
v1 ,w(0)
ss × µ−1v2 (0)), Z
s
G = G ×P {(x, x
∗, i, j) ∈ µ−1v,w(0)
ss | (x, x∗)(V1) ⊂ V1, Im(i) ⊂ V1}.
The left square of diagram (33) is a pullback diagram. We have the following maps
φ
♯
: EllG(ThT ∗
G
Xs T
∗Xs)→ EllG(ThZGs Z
s), ψ∗ : Θ(ψ)→ EllG(Thµ−1v,w(0)ss T
∗X′s)
By taking the composition of ψ∗ ◦ φ
♯
, we get
ψ∗ ◦ φ
♯
:(S12 × idE2 )∗
(
EllGv1×Gv2 (Thµ−1v1,w(0)
ss×µ−1v2 (0)
T ∗Y s) ⊗ Θ(ι) ⊗ Θ(ψ)
)
→ EllGv(Thµ−1v,w(0)ss T
∗X′s).
This line bundle Θ(ι) ⊗ Θ(ψ) the same as in § 8.2. This gives the morphism (32). 
Recall that we also have the quiver varietyM−(v,w) given by the GIT quotient µ−1v,w(0)//−χGv correspond-
ing to the opposite stability −χ. Similarly, we have the following.
Proposition 9.6. The object EllGw×G2m(⊔v∈NIM
−(v,w)) has a natural structure as a left module over P.
Proof. The proof is similar to that of Lemma 9.5. See also [YZ14, Theorem 5.4]. 
9.3. The negative chamber of the root lattice. For any object V in Dw, the vector w =
∑
i∈I wiωi is
the highest weight of V, where {ω1, ω2, · · · , ωn} are the fundamental weights. The restriction Vv,w :=
V|E(v)×E(w) , called the v-component ofV, has weight
∑
i∈I wiωi −
∑
i∈I viαi.
Let (sk)i∈I be the simple reflections of the Weyl group and w0 be the longest element. The action of sk on
the weight lattice is given by sk(µ) = µ − 〈α
∨
k
, µ〉αk. Hence, for µ =
∑
i∈I wiωi −
∑
i∈I viαi, we have
sk(µ) =
∑
i∈I
wiωi −
∑
i∈I
v′iαi,
where v′ ∈ NI is such that v′
j
= v j if j , k and v
′
k
= wk − vk −
∑
{ j| j,k} ck jv j.
The Weyl group action on cohomology of Nakajima quiver varieties is constructed in [Nak03, Lus00,
Maf02]. In particular, assuming v and v′ ∈ NI are such that w0(v) = v
′. There is a correspondence
M(v,w)← F → M−(v′,w),
with the two arrows being principle GLv and GLv′-bundles respectively. Denote Spec EllGLv ×GLv′ ×GLw ×Gm(F)
by F. We then have the following diagram
E(v) × E(w) × E F
poo q // E(v
′) × E(w) × E
and p∗OF  EllGLv ×Gm(M(v,w)) and q∗OF  EllGLv′ ×Gm(M
−(v′,w)).
LetEw be a category fibered overDw, consisting of coherent sheaves on
{
Spec
E(v)×E(w)×E
EllGLw ×Gm(M(v,w))
}
v∈NI
.
In other words, Ew consists of the objects inDw whose supports are contained in the support of EllGLw ×Gm(M(v,w)).
Similarly, define E−w ⊂ Dw to be a subcategory consisting of those sheaves whose supports are in the support
of {EllGLw ×Gm(M
−(v′,w))}v′∈NI .
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Lemma 9.7. There is an equivalence of categories w0 : Ew  E
−
w , fibered over Dw.
Ew
''❖❖
❖❖
❖❖ 
w0 // E−w
ww♦♦♦
♦♦
♦
Dw
.
Proof. For each v ∈ NI , let Ev,w be the category of coherent sheaves of modules over EllGLw ×Gm(M(v,w));
similarly for E−v,w. The statement follows from the following sequence of isomorphisms
Ev,w = Mod- EllGLw ×Gm(M(v,w))
 CohF
 Mod- EllGLw ×Gm(M
−(v′,w)) = Ev′,w.

Lemma 9.8. (1) There are well-defined functors P⊗+ − : E−w → E
−
w and −⊗
− P : Ew → Ew, which are
compatible with the NI-gradings.
(2) The equivalence w0 from Lemma 9.7 intertwines the two functors above.
Proof. LetMv,w := EllGw×Gm (M(v,w)). For any objectV ∈ Ew, by restricting to the v2-component, we have
Vv2 is a Mv2,w-module. Let (P ⊗
+ V)v :=
⊕
v1+v2=v
S∗(Pv1 ⊠Vv2 ⊗ Lv1 ,v2). The fact that P ⊗
+ V lies in
Ew amounts to the Mv1+v2 ,w-module structure on (P ⊗
+ V)v1+v2 , which in turn is induced from the map of
sheaves
S∗(Pv1 ⊠Mv2 ,w ⊗ Lv1 ,v2)→Mv1+v2 ,w
on E(v1+v2) × E(w) coming from Proposition 9.6. The statement for − ⊗− P is proved similarly.
The assertion (2) is clear by construction. 
LetEnd(Ew) be the monoidal category of endofunctors of the abelian category Ew. The monoidal structure
is given by composition of functors. By Lemma 9.8, we have two objects Al(P) := P ⊗
+ − and Ar(P) :=
ω0(ω0(−)⊗
−P) in the category End(Ew). Explicitly, for each v1 and v2 ∈ N
I , w0((w0Fv1,w)⊗
−Pv2 ) is a sheaf
on E(v1+w0v2) ×S E
(w). Note that w0v2 is negative, hence the action Ar(P) on Ew decreases the weights. In
particular, when v1 + w0v2 is not positive, then the v1 + w0v2-component of w0((w0F ) ⊗
− G) is zero.
Remark 9.9. (1) We expect there is a braided tensor category E, which contains Ew. The objects of E
are sheaves on
∐
v∈NI
∐
w∈NI E
(v) × E(w), and we impose an equivalence relation between sheaves on
E(v) × E(w) and E(v
′) × E(w
′) for different (v,w) and (v′,w′) as long as they have the same weight µ.
(2) We further expect the category E in (1) would also make sense even when v lies in ZI. There should
also be a (limit of) subcategory E∞ ⊂ E. The objects of E∞ are concentrated on E(v) × E∞ρ, where
v ∈ ZI, and ρ ∈ (Z>0)
I . E∞ acts faithfully on E via the tensor structure, therefore, one has an
embedding E∞ ⊂ End(Ew). The braided tensor category Al(C) (resp. Ar(C)) coincides with (E
∞)+
(resp. (E∞)−), whose objects are concentrated on E(v) × E∞ρ for v ∈ (Z>0)
I (resp. E(v) × E∞ρ for
v ∈ (Z<0)
I). However, for the moment being, this is beyond the scope of the present paper.
(3) We will construct the Drinfeld double of SH sph via a pairing between SH sph and SH sph,coop. In
order to do so, we need to view SH sph and SH sph,coop as bialgebra objects in the same braided
tensor category, and at the same time consider the dimension vectors on SH sph,coop as negative root
vectors. This would be true if (1) and (2) above were achieved. In § 9.4 we get around this issue by
taking the image of SH sph in End(Ew) via Al, and the image of SH
sph,coop in End(Ew) via Ar.
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9.4. Drinfeld double of the Borel subalgebra. In this section, using a similar construction as in [YZ16],
we construct the elliptic quantum group as the Drinfeld double of SH sph. For this purpose, we need to
construct a non-degenerate bialgebra pairing on the ade`le version of SH sph.
We fix a non-vanishing, translation-invariant section ω of T ∗E. Denote by F the field of rational functions
of E, Oz the local ring of E at a closed point z ∈ E, and Kz the local field. Let A be the restricted product∏′
z∈E Kz, i.e., an element in A is a collection of rational functions {rz}z∈E, so that rz ∈ Oz except for finitely
many z. We will call A the ring of ade`les.
More generally, for any n ∈ N, and any closed point (z1, . . . , zn) ∈ E
n, consider the local ring O(z1,...,zn).
Let K(z1,...,zn) be the localization of O(z1,...,zn) at the divisor D consisting of points in E
n whose i-th coordinate
is equal to zi ∈ E for some i ∈ [1, n]. Let ω
n
= ∧n
i=1
ωi be the n-form on E
n induced from ω. Recall that
Res(z1,...,zn) f · ω
n is well-defined for any f ∈ K(z1,...,zn). Furthermore, for any σ ∈ Sn, we have
(34) Res(z1,...,zn) f · ω = Resσ(z1,...,zn)(σ
∗ f ) · ω,
(see, e.g., [YZ16, Lemma 3.1]).
Define An(U) to be the restricted product of Kz over all z ∈ U ⊆ E
n. Clearly this is a sheaf of OEn -
modules on En. Let A(n) be (S∗A
n)Sn , which is a sheaf of OE(n)-modules on E
(n), where S : En → E(n) is
the natural projection. Similarly, for v = (vi)i∈I ∈ N
I , we have A(v) :=
∏
i∈I A
(vi) on E(v). We consider a
braided monoidal category CA, where objects are sheaves of OHE×I -modules, not necessarily quasi-coherent,
endowed with the same monoidal structure as in C. We define the ade`le version of the shuffle algebra to be
SHA := (SHA,n)v∈NI , where SHA,n := A
(v), which is an object in CA. The morphism ⋆ (8) makes SHA
an algebra object, and the rational morphism ∆ (9) is a coproduct with poles. We also have the spherical
subalgebra SH
sph
A
of SHA, generated by SHA,ek for k ∈ I, which is a bialgebra object in CA.
Similar to § 9.3, we have the two categoriesDw,A and Ew,A, for w ∈ N
I, as well as the two algebra objects
SHA and SH
coop
A
in End(Ew,A). Let ι : SH
sph
A,v
֒→ SHA,v be the natural embedding. For any local section f
of SHA,v which lies in the image of SH
sph
A,v
, we will denote the corresponding section of SH
sph
A,v
by ι−1 f . 2
We now construct the Drinfeld double of SH
sph
A
via defining a bialgebra pairing between Al(SH
sph
A
) and
Ar(SH
sph
A
)coop in End(Ew,A). Set
D(SH
sph
A
) := Al(SH
sph
A
) ⊗End(Ew,A) Ar(SH
sph
A
)coop.
There is a unique algebra structure on D(SH
sph
A
), such that Al(SH
sph
A
) and Ar(SH
sph
A
)coop are two subalge-
bras, and the commutation relation [Laug15, (3.3)] (spelled out in the present setting as (36)).
Recall that a bialgebra pairing is a morphism
(−,−) : Al(SH
sph
A
) ⊗End(Ew,A) Ar(SH
sph
A
)coop → ǫ.
By definition of ǫ from § 2.2, the pairing between SH
sph
v,A
and (SH
sph
v′,A
)coop is zero if v , v′. On (SH
sph
A
)v ⊗
(SH
sph
A
)v, we define the pairing (·, ·) as
( f , g) :=
∑
z∈E
Resz
( ι−1 f (zA) · ι−1g(−zA)
|A|!
ω
)
,
for any local sections f , g of SHA,v which lie in the image of SH
sph
A,v
, where −zA is the group inverse of E
and |A|! =
∏
i∈I |A
i|!.
Theorem 9.10. The pairing (·, ·) between SH
sph
A
and (SH
sph
A
)coop is a bialgebra pairing, which is non-
degenerate on both factors.
2 This ι−1 plays the same role as the factor 1
fac(zA)
in [YZ16].
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For the meaning of bialgebra pairing, see e.g., [Laug15, §1.7, Figure (1.1)].
Proof. The theorem follows essentially from the same proof as in [YZ16]. For completeness, we include
the proof here.
Let v1, v2 ∈ N
I be two dimension vectors with v = v1 + v2. For f1 ∈ SHA,v1 , f2 ∈ SHA,v2 , P ∈ SHA,v, we
need to show that
(35)
∑
(A,B)∈P(v1,v2)
(
f1(zA) · f2(zB) · fac(zA|zB), P
)
=
(
f1(zAo) ⊗ f2(zBo),ΦAo,Bo∆P(z)
)
,
where (Ao, Bo) = ([1, v1], [v1 + 1, v]) is the standard element in P(v1, v2). Using (34), the left hand side of
(35) is the same as∑
z∈G
Resz ι
−1
Ao∪Bo
∑
{(A,B)}
( f1(zA) · f2(zB) · fac(zA|zB)·
|A ∪ B|!
)
ι−1Ao∪BoP(−zA ⊗ −zB)wA∪B
=
∑
z∈G
Resz ι
−1
Ao∪Bo
( f1(zAo) · f2(zBo) · fac(zAo |zBo) · P(−zAo ,−zBo)
|Ao|!|Bo|!)
)
wAo∪Bo
The right hand side of (35) is the same as(
f1(zAo) ⊗ f2(zBo),
P(zAo ⊗ zBo)
fac(zAo |zBo)
)
=
∑
z∈G
Resz ι
−1
Ao
f1(zAo)
|Ao|!
· ι−1Bo
f2(zBo)
|Bo|!
· (ι−1Bo ⊗ ι
−1
Ao
P(−zAo ⊗ −zBo)
fac(−zAo | − zBo)
)wAowBo .
Note that fac(−zAo | − zBo) = fac(zBo |zAo) under assumption of Remark 2.2(2).∑
z∈G
Resz ι
−1
Ao
f1(zAo)
|Ao|!
· ι−1Bo
f2(zBo)
|Bo|!
· (ι−1Bo ⊗ ι
−1
Ao
P(−zAo ⊗ −zBo)
fac(−zAo | − zBo)
)wAowBo
=
∑
z∈G
Resz ι
−1
Ao∪Bo
( f1(zAo) · f2(zBo) · fac(zAo |zBo) · P(−zAo ,−zBo)
|Ao|!|Bo|!
)
wAo∪Bo .
Here we have a morphism SHv1 ⊠ SHv2 → S
∗SHv1+v2 ⊗ L
∨
v1+v2
of sheaves on EAo × EBo . The subsheaf
SH
sph
v1 ⊠ SH
sph
v2 ⊂ SHv1 ⊠ SHv2 factors through S
∗SH
sph
v1+v2
.
SHv1 ⊠ SHv2
// S∗SH
sph
v1+v2
⊗ L∨v1+v2
SH
sph
v1 ⊠ SH
sph
v2
?
ιv1⊗ιv2
OO
// S∗SH
sph
v1+v2
?
ιv1+v2
OO
Therefore, the equality (35) holds. 
This gives a bialgebra structure on D(SH
sph
A
).
We define the sheafified elliptic quantum group Ell~,τ(Q) to be the subalgebra of D(SH
sph
A
), generated by
SHek ⊆ SHA,ek and (SHek)
coop ⊆ (SHA,ek)
coop for k varies in I. Note that Ell~,τ(Q) ∈ End(Ew,A) lies in
End(Dw).
Definition 9.11. (1) A representation of Ell~,τ(Q) is an object in Ew for some w ∈ N
I , which is en-
dowed with a structure of modules over Ell~,τ(Q) ∈ End(Ew). The category of representations of the
sheafified elliptic quantum group is denoted by Mod- Ell~,τ(Q).
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(2) The category of finite dimensional representations of the sheafified elliptic quantum Mod- f Ell~,τ(Q)
is the full subcategory of Mod- Ell~,τ(Q) consisting of objects that are supported on zero-dimensional
subschemes as coherent sheaves onHE×I ×S E
(w).
9.5. Action of the Drinfeld double on quiver varieties. To give some examples of objects inMod- Ell~,τ(Q),
we prove here that EllGw(M(w)) is an object in Mod- Ell~,τ(Q) for any w ∈ N
I .
Recall that there is a right action of P onM−:
M−v1,w ⊗
− Pv2 →M
−
v1+v2 ,w.
Using notations defined after Lemma 9.8, we get a morphism
Ar(Pw0v2)(Mv1 ,w)→Mv1+w0v2 ,w.
Note that w0v2 is a negative root vector. Therefore we have an action of Ar(P) onMw, which will be referred
to as the action by lowering operators.
Theorem 9.12. The Drinfeld double D(Psph) acts on EllGw(M(w)), for any framing w ∈ N
I .
Proof. Recall that it suffices to show that the pairing (·, ·) is compatible with the actions of SH sph and
SH sph,coop in the sense of, e.g., [Laug15, (3.3)]. By definition, it suffices to show that for any local section
f , e, and p of SH
sph
ek , SH
sph,coop
ek , andMv,w respectively, we have
(36) ( f•p)•e + 〈 f , e〉Φv,ek (p) = Φek ,v(p)〈 f , e〉 + f•(p•e).
By the same argument as in [Nak01, § 11.3], we only need to verify this in the case when gQ is sl2. The
latter is done in § 10.3. 
10. Reconstruction of the Cartan action
In this section, we provide explicit formulas of the action of the Cartan subalgebra of elliptic quantum
group on the elliptic cohomology of quiver varieties. We also show the corresponding action of D(P)
coincides with the action of the Hecke operators of Nakajima.
We also define and show the existence of Drinfeld polynomials for highest weight modules in the elliptic
setting.
10.1. Reconstruction of the Cartan action in Ew. Similar to § 5, objects in Ew admit a natural action of
the Cartan subalgebra SH0, which comes from the braiding switching the two actions Al(P) and Ar(P) on
Ew. We spell out the formula for this braiding.
The element w0 induces a bijection on the set of simple roots, which is denoted by w0(k) = k
′. For
any k ∈ I, recall here that Pek  Oek . For F ∈ Ew and v ∈ N
I , on Eek × E(v) × E(w) × E we have
Al(Oek )Fv = OEek ⊠Fv⊗Lek,v. Similarly on E
ek′ ×E(v
′)×E(w)×E we have Ar(Oek′ )Fv = Oek′ ⊠w0(Fv)⊗Lek′ ,v′ .
Recall that w0 is defined using the diagram
E(v) × E(w) × E F
poo q // E(v
′) × E(w) × E.
We denote the coordinates of Ev by (z
( j)
i
)i∈I, j=1,...,vi , the coordinates of E
v′ by (z
′( j)
i
)i∈I, j=1,...,v′i , and the coor-
dinates of Ew by (t
( j)
i
)i∈I, j=1,...,wi . Consider both Al(Oek )Fv and Ar(Oek′ )Fv as sheaves on F, we have sections
fac(z[1,v]|z) of Lek,v where z is the coordinate of E
ek , and the section fac(z′
[1,v′]|z) of Lek′ ,v′ where z is the
coordinate of Eek′ . Pushing forward to Eek × E(v) × E(w) × E, the natural section
fac(z[1,v] |z)
w−1
0
fac(z′
[1,v′]
|z)
of the line
bundle L∨ek ,v ⊗ w
∗
0
Lw+w0v,ek′ gives a map
Al(Oek )Fv → Ar(Oek′ )Fv.
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This is the braiding, denoted by Φ−ek ,v. Similarly, we also have Φ
+
v′,ek′
: Ar(Oek′ )Fv → Al(Oek)Fv. Similar to
§ 6.1, we define Φk to be ϑ(~)(Φ
−
ek ,v − Φ
+
v′,ek′
).
Example 10.1. We consider the Nakajima quiver variety of type A1. The quiver Q has only one vertex
without any arrows. Therefore, the dimension vectors v and w are natural numbers. Let Grv(w) be the
Grassmannian of v-dimensional subspaces in the w-dimensional vector space W . Then, the quiver variety
M(v,w) of type A1 is the cotangent bundle T
∗ Grv(w) of the Grassmannian Grv(w). The general linear
group Gw = GLw acts on T
∗ Grv(w) naturally, and the torus Gm acts by scalar multiplication on the fibers
of the cotangent bundle. Its equivariant elliptic cohomology is the structure sheaf of E(v) × E(w−v) × E,
which is the quotient of Ew × E by Sv × Sw−v. The coordinates of E
w will be denoted by t1, . . . , tw. Then,
fac(z[1,v]|z) =
∏v
j=1
ϑ(z−t j−~)
ϑ(z−t j)
.
In this case, I has one single element, denoted by k. Let the parameter of Eek be denoted by z. For any
v < w, we have w0(v) = w − v. Recall from [Lus00] that the correspondence defining w0 consists of short
exact sequences
0→ V ′ → qW → q2V → 0,
hence, F from § 9.3 is the sub-variety of E(v) × E(w) × E(w−v) consisting of points such that zi = ti for
i = 1, . . . , v and z′
i
= tw−i − ~, which is abstractly isomorphic to E
(v) × E(w−v). In particular, we have
w−1
0
(fac(z[1,w−v]|z)) = fac((tv+1 + ~, . . . , tw + ~)|z). Therefore,
(37) Φk =
∏v
i=1 ϑ(z − ti + ~)
∏w
i=v+1 ϑ(z − ti − ~)∏w
i=1 ϑ(z − ti)
We also have the following geometric interpretation. Here W is the trivial bundle on T ∗ Grv(w) with the
natural GLw-action, and V is the tautological subbundle which is GLw-equivariant. Then, formula (37) can
be interpreted as λz((q − q
−1)W + (q2 − q−2)V), where λz is the equivariant Chern polynomial defined in
§ 7.5.
In general, we also have the following.
Proposition 10.2. On Ew the operator Φk is also equal to
Hk = λz((q − q
−1)Wk + (q
2 − q−2)Vk + (q
−1 − q)
∑
l,k
[−ckl]qVl).
Proof. By the same argument as in [Nak01, § 11.3], we only need to verify this in the case when gQ is sl2,
which is proved in Example 10.1 and § 10.3. 
In view of (36), Φk is the formula of the Cartan-action on objects in Ew.
Definition 10.3. We say that F is a highest weight module of highest weight w if on E(w) the component
F0,w is a cyclic OEw-module, and Fv,w is generated by F0,w and the P-action.
For w ∈ NI , the coordinates of Ew are denoted by (t
( j)
i
)i∈I, j=1,...,wi .
Definition 10.4. For a highest weight module, for any k ∈ I, the action Φk on F0,w is by the section
1
ω−1
0
fac(z[1,w]|z)
=
wk∏
j=1
ϑ(z − t
( j)
k
− ~)
ϑ(z − t
( j)
k
)
.
This collection of rational functions on E(w) is the elliptic Drinfeld polynomials.
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10.2. Recovery of the dynamical parameters. Similar to § 5.3, we have a version of the category D′w
involving the dynamical parameters, which is equivalent toDw. For the convenience of the readers, we spell
out the details here.
We take the elliptic curve E as in § 5.2, notations H ′
E×I
and E(w)
′
are as in § 5.2. On E(v)
′
×Eλ E
(w)′ , we
have the line bundle Lv,w induced by the natural Poincare´ line bundle on E. Note the difference between the
projections E(v)
′
→ Eλ and E
(w)′ → Eλ, due to the difference between the two basis {ωi} and {αi} as has
been seen in § 9.3.
By Proposition 10.2 and the definition of the total Chern polynomial in § 7.5, Φk is a section of L
v,w
k,~
:=
Θ(k−1 ⊗ ((q − q−1)Wk + (q
2 − q−2)Vk + (q
−1 − q)
∑
l,k[−ckl]qVl)). Hence, similar to Lemma 5.3, we have
L
v,w
k,~
 Lek,vL
∨
v′ ,ek
Here we identify the equivariant parameter of the Gm acting on k in the definition of λz with the natural
parameter of Ee
′
k .
Let q : Ee
′
k ×Eλ E
(v)′ ×Eλ E
(w)′ ×M1,1 E→ E
(v)′ ×Eλ E
(w)′ ×M1,1 E be the subtraction map. We now define a
category D′. An object of D′ consists of a pair (F , ϕF ), where
• F is a coherent sheaf onH ′
E×I
×Eλ E
(w)′ , with certain support condition, and φF is an isomorphism
φF : w0(w0Fv,w ⊠ OEek′ ) ⊗ L
v,w
k,~
→ q∗ρ(v,w)∗
k
Fv.
• The morphism from (F , φF ) to (G, φG) is a morphism of sheaves f : F → G, such that, the
following diagram commutes:
w0(w0Fv,w ⊠ OEek′ ) ⊗ L
v,w
k,~

φF// q∗ρ(v,w)∗
k
Fv,w

w0(w0Gv,w ⊠ OEek′ ) ⊗ L
v,w
k,~
φG// q∗ρ(v,w)∗
k
Gv,w
Similarly we have the category E′w consisting of objects in D
′
w with the required support condition.
For any object F in Ew, composing φk with the braidings Φk, we get OEek ⊠ Fv,w → ρ
(v,w)∗
k
Fv,w; any
morphism f : F → G in Ew gives the commutative diagram
OEek ⊠ Fv,w
Φk //
fv

w0(w0Fv,w ⊠ OEek′ ) ⊗ Lek ,vL
∨
v′,ek′

φF// q∗ρ(v,w)∗
k
Fv,w

OEek ⊠ Gv,w
Φk // w0(w0Gv,w ⊠ OEek′ ) ⊗ Lek,vL
∨
v′,ek′
φG// q∗ρ(v,w)∗
k
Gv,w
Similar to Lemmas 5.1, we have
q∗ρ(v,w)∗
k
L
v,w
 (q∗Lv,w) ⊗ Lv,w
k,~
.
Therefore, we have the following.
Theorem 10.5. (1) The category Dw is equivalent toD
′
w as abelian categories.
(2) The equivalence Ew  E
′
w is compatible with the isomorphism C  C
′ and their respective actions.
(3) Under these equivalences above, Mod- D(SH sph)  Mod- D(SH sph)′.
Note that (3) is a formal consequence of the first two.
Proof. The proof is similar to that of Proposition 5.2. 
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Remark 10.6. (1) This gives a conceptual interpretation that the irreducible representations of the dy-
namical elliptic quantum group does not depend on the dynamical parameter, a phenomenon dis-
covered by Felder-Enriquez in the case of sl2, and by Gautam-Toledano Laredo in general.
(2) We have the Drinfeld coproduct, the definition of which does not involve the dynamical parameters.
However, the ordinary coproduct may depend on the dynamical parameters in a non-trivial way,
which we will study in future investigations.
10.3. Quiver varieties in the sl2-case. Consider O(v,w) := {(V
1,V2) ∈ Grv−1(w)×Grv(w) | V
1 ⊆ V2}. The
Hecke correspondence C+(v,w) is the conormal bundle to O(v,w).
Let Z(v, v − 1,w) := T ∗(Grv−1(w)) ×M0(w) T
∗(Grv(w)) be the Steinberg variety, whereM0(w) is the quiver
variety with trivial stability condition. Then, C+(v,w) ⊂ Z(v, v − 1,w). We have the following diagram.
Z(v, v − 1,w)
  //
π
T ∗(Grv−1(w)) × T
∗(Grv(w))
π1×π2
O(v,w)
p1
ww♥♥♥
♥♥
♥ p2
''◆◆
◆◆
◆
  // Grv−1(w) × Grv(w)
Grv−1(w) Grv(w)
Let 0 → R1 → W → Q1 → 0 and 0 → R2 → W → Q2 → 0 be the tautological sequences over Grv−1(w),
and Grv(w) respectively, with dim(R1) = v − 1 and dim(Q1) = w − v + 1, and dim(R2) = v. The first
projection p1 : O(v,w) → Grv−1(w) can be identified with the projective bundle P(Q) → Grv−1(w), and the
second projection p2 can be identified with P(R
∨
2
).
P(Q1)  P(R
∨
2
)
p1
tt❥❥❥❥
❥❥❥
p2
))❙❙❙
❙❙
❙❙
Grv−1(w) Grv(w)
Let L be the Poincare´ line bundle on E which has rational section gλ(z) =
ϑ(z+λ)
ϑ(z)ϑ(λ) . For a vector bundle
V → X on algebraic variety X, the Chern classes cλ
i
(V) of V in the elliptic cohomology are certain rational
sections of EllλG(X).
Let L := OP(Q)(−1). Let ϕ : T
∗(Grv−1(w)) × T
∗(Grv(w)) → T
∗(Grv(w)) × T
∗(Grv−1(w)) be the map that
permutes the components. We have the following natural embeddings ∆+ : C+(v,w) ֒→ Z(v − 1, v;w), and
∆
− : C−(v,w) ֒→ Z(v, v − 1;w), where C−(v,w) := ϕ(C+(v,w)).
There are very few interesting global section, therefore, we study actions of the rational sections from
Example 7.3. If r ≥ 0, put x±r =
∑
v(−1)
v±1
∆
±
∗ (c
λ
1
(q2L±))r ∈ EllGw×Gm(Z(w)). Then, we have maps:
x+r : Ell
λ
Gw×C∗
(T ∗ Gr(v,w))→ EllλGw×C∗ (T
∗ Gr(v − 1,w)) ⊗ Θ(π1),
x−r : Ell
λ
Gw×C∗
(T ∗ Gr(v,w))→ EllλGw×C∗ (T
∗ Gr(v + 1,w)) ⊗ Θ(π2).
Taking f to be a rational section of the domain, which by Example 10.1 can be thought of as a function on
E(v)
′
×M1,2 E
(w−v)′ ×M1,1 E. The actions from Propositions 9.5 and 9.6 have the following formulas:
x+r ( f ) =
w∑
k=v
f (t[1,v−1]∪k; t[v,w]\{k})g
r
λ+v~(tk)
∏
m∈[v,w]\k
ϑ(tk − tm + ~)
ϑ(tk − tm)
,(38)
x−r ( f ) =
v+1∑
k=1
f (t[1,v+1]\{k}; t[v+2,w]∪{k})g
r
−λ−(w−v)~(tk)
∏
m∈[1,v+1]\{k}
ϑ(tm − tk + ~)
ϑ(tm − tk)
.(39)
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The formulas are obtained using the identities cλ
1
(q2L) = gλ+v~(z) =
ϑ(z+v~+λ)
ϑ(z)ϑ(λ+v~) = gλ(z + v~)
ϑ(z+v~)ϑ(λ)
ϑ(z)ϑ(λ+v~) , and
cλ
1
(q2L±))(r) is determined as cλ
1
(q2L±))(r) = g
(r)
λ+v~
(z) :=
∂rgλ+v~(z)
r!∂rz . Therefore,
∑
r≥0
g
(r)
λ+v~
(z)u =
∑
r≥0
∂rg(r)
λ+v~
r!∂rz
(z)ur = gλ+v~(z + u).
Let Φλ be the convolution with Hv,w(−z), where
Hv,w(z) :=
∏v
i=1 ϑ(z − ti + ~)
∏w
i=v+1 ϑ(z − ti − ~)∏w
i=1 ϑ(z − ti)
∈ EllλGw×C∗ (T
∗ Gr(v,w)).
Proposition 10.7. (1) The actions of the rising and lowering operators satisfy the relation (36); In
particular, they induce an action of the Drinfeld double.
(2) On a weight space Vµ, assume λ1 + λ2 = ~µ. Then the operators X
+(u, λ1),X
−(u, λ2),Φ(u) satisfy
the relation (EQ5):
ϑ(~)[X+(u, λ1),X
−(v, λ2)] =
ϑ(u − v + λ1)
ϑ(u − v)ϑ(λ1)
Φ(v) +
ϑ(u − v − λ2)
ϑ(u − v)ϑ(λ2)
Φ(u).
Proof. Using the formulas (38), (39), we have the following
x−s ◦ x
+
r ( f )(t[1,v]; t[v+1,w]) =
v∑
l=1
∑
k∈[v+1,w]∪{l}
f (t[1,v]\{l,k}; t[v+1,w]∪l\{k})g
(s)
−λ−(w−v)~
(tl)g
(r)
λ+v~
(tk)Xkl,
x+r ◦ x
−
s ( f )(t[1,v]; t[v+1,w]) =
∑
l∈[1,v]∪k
w∑
k=v+1
f (t[1,v]∪k\{l}; t[v+1,w]\{k,l})g
(s)
−λ−(w−v)~
(tl)g
(r)
λ+v~
(tk)Ykl,
where
Xk,l :=
∏
m∈[1,v]\l
ϑ(tm − tl + ~)
ϑ(tm − tl)
∏
n∈[v+1,w]∪l\{k}
ϑ(tk − tn + ~)
ϑ(tk − tn)
,
Yk,l :=
∏
m∈[1,v]∪k\{l}
ϑ(tm − tl + ~)
ϑ(tm − tl)
∏
n∈[v+1,w]\{k}
ϑ(tk − tn + ~)
ϑ(tk − tn)
.
Define the functions A(z) :=
∏w
m=1 ϑ(z − tm) and B(z) :=
∏v
m=1 ϑ(z − tm − ~)
∏w
m=v+1 ϑ(z − tm + ~). By
ϑ′(0) = 1, we have A′(z)|z=tk =
∏
m∈[1,w]
̂ϑ(tk − tm). We have
x+r x
−
s ( f ) − x
−
s x
+
r ( f )
=
w∑
k=1
f
ϑ(~)
g
(s)
−λ−(w−v)~
(tk)g
(r)
λ+v~
(tk)
∏
m∈[1,v] ϑ(tk − tm − ~)
∏
m∈[v+1,w] ϑ(tk − tm + ~)∏
m∈[1,w]
̂ϑ(tk − tm)
=
w∑
k=1
f
ϑ(~)
g
(s)
−λ−(w−v)~
(tk)g
(r)
λ+v~
(tk) Resz=tk
B(z)
A(z)
=Resz∈E x
+
r x
−
s ( f )
B(z)
A(z)
,
where the notationˆon the denominator means omitting the term when m = k. By the formula (37) of Φ and
the definition of the pairing §9.4, this proves (1).
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Now we prove (2). Writing in terms of generating series, and using the fact that
∑
r≥0 g
(r)
λ+v~
(t)ur =
gλ+v~(t + u), we have ∑
r,s≥0
x+r x
−
s ( f )w
s
1w
r
2 −
∑
r,s≥0
x−s x
+
r ( f )w
s
1w
r
2
=
w∑
k=1
f
ϑ(~)
g−λ−(w−v)~(w1 + tk)gλ+v~(w2 + tk) Resz=tk
B(z)
A(z)
.
Note that g−λ−(w−v)~(z+w1)gλ+v~(z+w2)
B(z)
A(z)
as a function in z is a double periodic meromorphic function.
Let λˆ1 := −λ − (w − v)~, λˆ2 := λ + v~, and w := w2 − w1. Then, we have λˆ1 + λˆ2 = (2v − w)~ = µ~.
Set X+(w2, λˆ2) :=
∑
r≥0 x
+
r w
r
2
, and X−(w1, λˆ1) :=
∑
s≥0 x
+
sw
s
1
. By the same argument as in the proof of
Proposition 6.8, the following identity holds.
[X+(w2, λˆ2),X
−(w1, λˆ1)] =
1
ϑ(~)
(
ϑ(w + λˆ2)
ϑ(w)ϑ(λˆ2)
Hv,w(−w1) +
ϑ(−w + λˆ1)
ϑ(−w)ϑ(λˆ1)
Hv,w(−w2)
)
=
1
ϑ(~)
(
ϑ(w + λˆ2)
ϑ(w)ϑ(λˆ2)
Φ(w1) +
ϑ(w − λˆ1)
ϑ(w)ϑ(λˆ1)
Φ(w2)
)
.
This completes the proof. 
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